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Quantum Information Processing (QIP) is a quickly evolving field, from basic research to
next-generation, deployable technology. Its development is catalyzed by the inherent scala-
bility and efficient packaging provided by working in silicon nanophotonics. The Hong-Ou-
Mandel (HOM) effect is a versatile quantum photonic tool used in a wide variety of applications
throughout QIP. In this thesis we examine new types of circuits using linear arrays of Micro-
Ring Resonators (MRRs) to enhance the attainability of the HOM effect. We propose three
new devices: a circuit exhibiting robust expansion to the HOM effect using small series of iden-
tical MRRs, a HOM filter using larger chains of identical MRRs, and two-photon HOM-based
entanglement switches using linear arrays of non-identical MRRs. We describe the modes of
operation of these new devices and introduce metrics to characterize them, informing design
and fabrication requirements so that these advancements can be realized in practical experi-
ments. We also present our recent proposal for a direct interferometric test for the function
of probabilistic photonic quantum gates, and we apply this test to the Nonlinear Phase-Shift
Gate (NLPSG), an essential piece of a probabilistic Knill-Laflamme-Milburn Controlled-NOT
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One major advantage to using photons as the physical carriers of quantum information
(e.g. qubits) is that photons do not readily interact with one another, and therefore can
be easily routed through a device or system using only linear optical transformations. The
fact that photons do not readily interact with one another can also be a major disadvantage,
because they are ill-suited for two-qubit operations where the output state of the operation
is conditioned upon the input state of one of the qubits. For photonic qubits, the direct
interaction between photons (For example, the photon with the control qubit conditionally
changing the state of the photon that carries the target qubit) requires an electromagnetic field
intensity well-known to be far beyond what is practical for any sort of Quantum Information
Processing (QIP) device!
Even in the absence of direct photon-photon interactions, one can hope to find material
media that mitigate nonlinear interactions between each input qubit such that the state of
the two-photon input will evolve according to the unitary rules of quantum dynamics into
a desired output state of the device after a predictable interaction time. This sort of deter-
ministic scheme for conditional photonic devices would require media having sufficiently large
nonlinear susceptibilities, χ(n) (where n ≥ 2), to provide the required nonlinear interaction.
It would also be required that the material media can be incorporated efficiently into the
device or system architecture. Depending on the application this might be four-wave mixing,
Chapter 1. Introduction 1
Chapter 1. Introduction
spontaneous or stimulated down conversion, cross- or self- Kerr interactions, or even higher
order nonlinear processes. Although it is not necessarily hopeless that such a nonlinear media
could be discovered or synthesized to serve this purpose for quantum photonic devices, none
has been found yet; nonlinear susceptibilities of known media are still around 100, 000 times
too small for practical, or even proof-of-principle applications.
Much progress has been made in the past couple of decades by emulating truly determin-
istic devices based upon unitary time evolution generated by nonlinear optical Hamiltonian
systems by using probabilistic devices based upon locally isometric transformations that re-
sult from post-selective, projective measurements made on ancillary modes of a larger system
that has been processed through a sequence of linear optical interactions. There are two clear
advantages to this approach: linear optical transformations are relatively easy to perform ex-
perimentally and so are several types of projective measurements. However, there are clear
disadvantages related to the costs of this approach: devices of a probabilistic nature, by defi-
nition, only succeed part of the time, and these sorts of devices require extra photons (in the
form of ancilla) in order to operate. Both of these disadvantages make probabilistic QIP more
resource expensive than the deterministic version would be for any given operation. Still, as
we review below, there is a lot of evidence that much of the quantum advantage is still retained
in several well-known systems.
The basic idea underlying probabilistic QIP is that the interplay between the linear trans-
formations and the post-selective measurements create a so-called ‘measurement induced non-
linearity’ in the isometric transformation of the state of the target photon. In the example
of the Non-Linear Phase Shift Gate (NLPSG), which is discussed in detail in Chapter 5, the
isometry appears as a phase shift on the two-photon branch of the target state vector. The
phase shift is conditioned on the result of the single-photon measurements in the control and
ancillary photonic modes of the device. The overall result, when it succeeds (which occurs,
optimally, 1/4 of the time) for the target mode, is a normalized state vector with the desired
conditional phase shift [1, 4, 5].
The Hong-Ou-Mandel (HOM) effect, which is a major focus of the work in this the-
2
sis provides, amongst its many applications, a simple example of a measurement induced
nonlinearity. Referring to Figure 2.1 and further described in Chapter 2, for the coinci-




(|2〉a |0〉b + |0〉a |2〉b). The linear interaction of the beam splitter with the in-
cident photons cannot deterministically ‘bunch’ them together in either of the output modes;
such a coalescence of initially independent photons is a nonlinear process. If one sacrifices
the deterministic feature of the unitary action of the beam splitter by placing a projective
photon detector in output mode a, one can see that 50% of the time, the detector will register
no photons (i.e. a “no-click” detection), meaning the state in output mode b is the desired,
bunched state, |2〉b. Of course, 50% of the time this fails, as indicated by a photon detection
(i.e. a “click” detection) in mode a. In either outcome, click or no-click, the deterministic
state resulting from unitary evolution is destroyed by the projective measurement. For the
50% of the cases in which the bunching succeeds, mode b is left in the normalized 2-photon
number state; in other words, the state in mode b has been isometrically transformed from
|1〉in
BS−−→ |2〉out conditioned upon the coincident arrival at a 50/50 beam splitter of an inciden-
tal photon in input mode a and upon the post selective projective measurement of no photons
in the output mode a.
The HOM effect is ubiquitous in quantum physics due to the unique quantum behavior
that it exhibits. The HOM effect was first shown experimentally by Hong, Ou, and Mandel
in their famous 1987 paper [6]. The HOM effect was originally used to measure precise time
intervals between the photons arriving at a 50/50 beam splitter. Soon after, Fearn and Loudon
published the quantum theory of the lossless beam splitter [7]. Around the same time Rarity
and Tapster experimentally demonstrated a two photon interference from parametric down
conversion, which they also proposed could be used to make sub-picosecond measurements [8].
Others were experimenting with two-photon interference at the same time; in 1986 Abram
et al. were exploring the second-order coherence of parametric down conversion [9], and a
two-photon interferometer was demonstrated by Alley and Shih [10].
The HOM effect relies upon quantum entanglement present in the two-photon state vector
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for the two photons involved. Quantum entanglement is rightly considered as an important
resource for quantum information processing [11, 12, 13, 14]. The HOM effect is also critically
important in linear quantum computing [15], which is the application most directly related
to the new results presented in this thesis. Owing to the so-called measurement induced non-
linearity resulting from post-selective techniques applied to the HOM effect, it plays a crucial
role in the operation of probabilistic universal gates such as control-Z (CZ) or control-NOT
(CNOT) [15, 16]. The CNOT gate specifically, as originally proposed by the KLM protocol
[4] and more recently expanded to use MRRs [1], is explored as an application in chapter 5 of
this thesis.
There are many specific applications in quantum computation of devices that perform
single algorithms that rely on the HOM effect. For a few examples: Fisher et al. have shown
computation on encrypted data [17], Harrow et al. and Cai et al. use quantum algorithms to
solve systems of linear equations [18, 19], the computation of discrete and fractional Fourier
transforms has been shown by Weimann et al. [20], and Humphreys et al. have shown linear
optical quantum computing on a single spatial mode [21].
The HOM interference visibility has been, and continues to be, used to evaluate the level
of indistinguishability for a variety of single-photon sources. Kaltenbaek et al. and Mosley et
al. used this technique for Spontaneous Parametric Down Conversion (SPDC) sources [22, 23].
Numerous groups have used this method to investigate quantum dots [24, 25, 26, 27, 28] and
atomic vapours [29, 30, 31, 32, 33]. Bernien et al. and Sipahigil et al. have characterized
photons produced by nitrogen-vacancy centers in a diamond [34, 35, 36]. HOM interference
visibility has also been used when evaluating photon sources such as molecules [37, 38], trapped
neutral atoms [39, 40], and trapped ions [41]. Series of MRRs, like those discussed in this
thesis, could prove to enhance the visibility of the HOM interference used for these types of
applications.
Quantum communication and quantum cryptography are two exciting and rapidly grow-
ing applications that also use the HOM effect [42, 43]. Recent developments in Quantum Key
Distribution (QKD) schemes also use the HOM effect. For example, the measurement-device-
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independent QKD protocol has been discussed by Lo et al. and by Braunstein and Pirandola
[44, 45]. The passive round-robin differential phase-shift QKD protocol discussed by Guan et
al. also uses the HOM effect [46]. Common schemes in quantum communication and quan-
tum cryptography [47, 48], such as quantum teleportation and entanglement swapping rely
on the HOM effect. Quantum repeaters can be used in tandem with Bell state analyzers to
entangle pairs of atoms which can then be used for these QKD protocols [49]. QKD appears
to allow the exchange of secret information that cannot be intercepted, but security loopholes
have been found in practical implementations [50, 51]. Commercial QKD systems have been
shown experimentally to be vulnerable to several side channel attacks [52, 53]. One proposed
solution to overcome these security issues is a full-device-independent QKD scheme [54, 55],
but its requirements are difficult to meet and it yields low secret key rates which is why the
measurement-device-independent protocol was developed [44, 45]. The measurement-device-
independent QKD protocol involves making a Bell state measurement by making photons
arrive simultaneously on a beam splitter and observing the interference to establish the keys
[16]. Liu et al. have demonstrated this measurement-device-independent protocol experimen-
tally using time-bin phase-encoding [56].
Clearly, the HOM effect is useful and relevant in a variety of fields and applications. Most
of these applications still use bulk optics, which aren’t scalable. MRRs allow for solutions
that are scalable and have the ability to be dynamically tuned. This could allow devices to
be constructed for these applications where the HOM effect could be optimized in a scalable
way. We seek to expand the HOM effect using Micro-Ring Resonators (MRRs) to make the
effect more achievable. This thesis builds upon the work from Hach et al. [57] that already
showed an enhancement to the HOM effect by using a single MRR instead of the traditional
beam splitter and even furthers the enhancement of the HOM effect by using linear chains of
MRRs.
One of the major motivations for the original work presented in this thesis is the possibility
of taking advantage of the intrinsic scalability and dynamic tunability of photonic circuits in
silicon nanophotonic structures. These features appear to be essential to making the transition
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from bulk-optical proof-of-principle experiments to efficiently packaged, practically deployable
information processing, communications, and metrological systems capable of capitalizing on
quantum advantages.
Due to its broad utility in quantum optical systems designed for these purposes, we focus
heavily on silicon nanophotonic enabled enhancements to the HOM effect. As a general guide
to this approach, and as a practical jumping off point for motivating the new results presented
here, recall the HOM manifolds predicted by Hach et al. in 2014 [57]. In that work, the authors
showed that, owing to the topology of the device shown below in Figure 2.2, the HOM effect
could, in principle, be obtained with 100% fidelity on a multi-dimensional manifold within
the device parameter space, whereas for a beam splitter the HOM effect is only obtained
at a single operating point, 50/50. That result suggests that the interplay between Passive
Quantum Optical Feedback (PQOF) that occurs in the photonic state vector along with the
relative ease of thermally tuning the coupling parameters and optical path length (described
in detail in the next chapter) creates a dynamically adjustable HOM “gate” as a kind of
fundamental circuit element for QIP devices and systems that process photonic qubits.
The work in this thesis significantly extends the idea of HOM circuit elements to more
complicated but still easily fabricated MRR-based structures. The general idea is to retain
the topological advantage and parametric flexibility already inherent in the MRR itself, and
to further optimize the HOM effect by analyzing gains that can be made by, in a loose sense,
filtering for it. Notable among the new results in this vein are the formulation of a three-
parameter characterization for the HOM effectiveness of a linear array of identical MRRs, the
extension of this analysis to linear arrays of non-identical MRRs, and the proposal of a HOM
“switch” based upon this latter architecture. At the time of the submission of this thesis,
experiments based upon the work here are already being planned within our collaboration
(AFRL), adding to the practical relevance of this work.
The outline of this thesis is as follows. In Chapter 2, we will begin with a simple example
using a beam splitter developing the discrete path integral formulation in the Heisenberg
picture. We will then apply this formalism to derive the HOM manifold condition for linear
6
arrays of MRRs. Finally, we will give a brief description of how these calculations could be done
in the Schrödinger picture. In Chapter 3, we concentrate on arbitrary length chains of identical
MRRs and we develop a three parameter characterization scheme for HOM effectiveness. In
Chapter 4, we will generalize a bit to chains of non-identical MRRs, resulting notably in our
proposal for a ‘HOM Switch’. In Chapter 5, we present our proposal for a direct test of the
NLPSG, focusing on the MRR application [1]. Chapter 6 provides a summary of the results
of this thesis and discusses future applications and research extensions of this work.





We are working in the continuous wave (cw) limit (standard for the types of nanophotonic
circuits considered). The coherence times for the sources considered here are assumed to be
orders of magnitude longer than the photon transit times through the devices, which justifies
our use of the cw limit. Because we are working in the cw limit, we can keep track of ‘time
evolution’ using linear phase shifts. A freely propagating, linearly polarized, single mode field
is represented by the observable electric field operator using: [58]:
Ê = iE0(âe
−iωt − â†eiωt) (2.0.1)
E0 is the real field amplitude which encodes the mode structure. This is important for
experimental design and can be modeled using standard software packages such as Lumerical
or COMSOL, but the specifics of modeling E0 are not directly relevant to the work in this
thesis. We are concerned with developing the basic theoretical structure for designing and
optimizing scalable quantum circuits, especially those that enhance the HOM effect in some
way. The full electric field operator is Hermitian, because in principle it is a physically observ-
able quantity. The two terms that make up the electric field operator (one proportional to â
and the other proportional to â†) are each non-Hermitian. The term proportional to â is the
positive frequency term (the negative sign in that exponent is due to the structure of the time
evolution operator in second-quantized QM). To study the time evolution it is conventional to
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look only at the positive frequency term (â), the other term is simply the Hermitian conjugate.
It is more convenient to work with the positive frequency term to find the evolution and then
take the Hermitian conjugate to recover â† simply because of the way that ‘forward in time’ is
defined. We could easily work with the negative frequency term (â†) to find the evolution, it
would just be ‘backward in time’. A great example working with the â† term is the graphical
method described by Ataman [59].
As always, the Boson operators obey the canonical commutation relation: [â, â†] = 1.
Using the positive frequency term (â) from Eq.(2.0.1) we can derive the round trip phase shift







λ0 = âe−iθ (2.0.2)
Here nL, where n is the linear index of refraction and L is the geometric path length, represents
the optical path length (OPL) for the ring; for an MRR having radius R this is:






Note that the transformations of the annihilation operator at a directional coupler (or beam
splitter) are assumed to happen discretely and instantaneously.
To adapt the Feynman path integral formulation for linear quantum optics we follow the
rules listed in Appendix A. These rules allow us to do the work in the Heisenberg picture and
afterwards reconstruct the relationships between the input and output state vectors using the
properties of the Boson operator along with operator transformations. As a simple example
we will explore how these rules are applied for the beam splitter as shown in Figure 2.1.
We have used a second primed set of transmission and reflectance coefficients, allowing for a
generally asymmetric beam splitter. These reciprocity relations ensure the unitary evolution of
the state vectors through the beam splitter by mandating the Bosonic commutation relations.
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The following reciprocity relations hold for the lossless beams splitter [58]:
|r|2 + |t|2 = 1, |r′|2 + |t′|2 = 1, r∗t′ + r′t∗ = 0, and r∗t+ r′t∗ = 0 (2.0.5)
Figure 2.1: Beam splitter diagram
Path Color Along Path Transition Amplitude Along Path
ain −→ aout green −→ green t
ain −→ bout green −→ blue r
bin −→ aout blue −→ green r’
bin −→ bout blue −→ blue t’
Table 2.1: Table showing all Feynman paths and transition amplitudes for a lossless beam
splitter.
The possible paths connecting input and output modes are identified in Table 2.1 and
should be clear to follow looking at Figure 2.1, which shows the beam splitter diagram and
Chapter 2. Theory 11
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the transition paths from inputs to outputs that result due to the interference of the two-
photon states. The output annihilation operators can be written by simply multiplying the
transition amplitude with the corresponding input annihilation operator along each path that
leads to the desired output and summing up all possible paths through the beam splitter that
terminate at that output. Notice that the resulting relations are also shown in Figure 2.1,
with the paths ending at bout in blue and those ending at aout in green.
âout = tâin + r
′b̂in (2.0.6)
b̂out = râin + t
′b̂in (2.0.7)













This matrix relating the inputs and outputs must be unitary and therefore, |tt′+ rr′| = 1. At
this point we will also assume that r = i|r| and r′ = i|r′|. Inverting and taking the Hermitian























To derive the general action of a lossless beams splitter, let the multimode vacuum state
for the field be represented by |vac〉. Using the creation operators, a general input state to
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2.1. The Hong-Ou-Mandel Effect










Substituting in the relations derived between the input and output creation operators, Eqs.
























The coefficients Amn are constrained by the normalization requirement for the input field
state. These states are more general than what we will use throughout the thesis, but serve as
a good example for the procedure we follow in analyzing the devices using the input/output
perspective.
2.1 The Hong-Ou-Mandel Effect
We can use the discrete path integral formulation to reproduce the basic HOM effect with
a beam splitter. The HOM effect occurs when two identical photons are coincident on the
inputs of a 50/50 beam splitter as shown in Figure 2.1. Intuitively, one would expect that three
possible outputs could be measured, which could be written as the following: |2〉a |0〉b, |1〉a |1〉b,
and |2〉a |0〉b. However, the quantum ‘effect’ is that as long as the photons are indistinguishable
and the beam splitter is 50/50, one never measures the output state with one photon in each
of the modes, one only ever detects both photons in one output and zero in the other. This
is due to a destructive interference between the one-photon output paths and a constructive
interference between the two-photon output paths [16]. We will use the creation operators to
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Assume the beam splitter is symmetric and 50/50, which means the transmission and reflection
coefficients are as follows:
t = t′ =
1√
2



















































Using this relation and applying the creation operators to the vacuum for both the inputs and




(|2〉a |0〉b + |0〉a |2〉b) ≡ |2 :: 0〉 (2.1.18)
For this reason a 50/50 beam splitter can be considered a “zero dimensional” HOM manifold.
It is zero dimensional, because the HOM effect only occurs at a single point (50/50). One
advantage of using MRRs, as established in [57] and expanded in this thesis, is the extension
of the HOM effect to higher dimensional manifolds within the parameter space of the device.
This example also shows that the HOM effect leads to the output |2 :: 0〉, the simplest example
of a so-called “NOON” state [13]. This re-routing of photons results in a highly entangled state
which allows for a major quantum advantage of the HOM effect that is harnessed for a variety
of applications as discussed in the introduction.









Figure 2.2: Diagram of a double-bus Micro-Ring Resonator (MRR)
Our work makes repeated use of the double-bus Micro-Ring Resonator as shown in Fig-
ure 2.2. This structure is a ‘fundamental circuit element’ for silicon nanophotonic networks
[57]. This system was treated classically some years ago by Yariv [61]. Table 1 of [57] gives
a transcription between the parameters used by Yariv to analyze the classical case and those
we will use here for the quantum case. The round trip linear phase shift through the ring
is denoted as θ. The phase shifts φ1 and φ2 are due to the relative placement of the direc-
tional couplers, but for any placement these phase shifts must sum to the round trip phase
of the ring, θ (i.e. θ = φ1 + φ2). Usually it turns out that the round trip phase shift is the
physically relevant parameter, not the partition [3]. Therefore, for all results in this thesis
φ1 and φ2 are assumed to be equal and therefore both are set to θ2 . The evanescent coupling
parameters τ and η represent the direct transmission parameters, and κ and γ represent the
corresponding cross-coupling parameters [57]. The crossing amplitudes (κ and γ) are written
with the convention that a crossing from "outside" the ring to "inside" has an amplitude of
−κ∗ (or −γ∗) and a crossing from "inside" the ring to "outside" has an amplitude of κ (or γ)
[3]. This distinction can be clearly seen in Figure 2.2. For the transmission amplitudes (τ and
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η) the convention is such that an "external" transmission has an amplitude of τ (or η) and an
"internal" transmission has an amplitude of τ∗ (or η∗) [3]. This difference between "internal"
and "external" transmissions is more subtle and is not seen in Figure 2.2, but will be illumi-
nated more clearly when we explicitly write out the transition amplitudes in the discrete path
integral formulation section.
2.3 Discrete Path Integral Formulation
We now apply the Discrete Path Integral Formulation (See Appendix A) to the double-bus
MRR to determine its lossless photonic transport properties. We use the framework established
by Skaar et al. in applying the path integral analysis to the linear optical systems [5]. In all
of the devices examined here it is justified to assume that they operate in the continuous wave
limit as described at the beginning of this chapter. The form of the Feynman path integral
for these linear quantum optical systems reduces to a discrete sum over the paths [5]. Finding
the transition amplitudes that relate the input operators to the output operators is done by
summing over all possible paths that reach a particular output mode, just as was previously
demonstrated for the lossless beam splitter.
Looking at Figure 2.3 and following the conventions for crossing and transmission ampli-
tudes described above, we can construct Table 2.2 for the transition amplitudes along various
paths for a single MRR which is also described in [3]. Theoretically, there are an infinite num-
ber of possible ‘paths’ because the photon could make any number ‘n’ of round trips through
the MRR before exiting through one of the output modes.
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Figure 2.3: Alternate diagram of a double-bus MRR



































Table 2.2: Table showing all Feynman paths and transition amplitudes for a single double-bus
MRR (adapted from [3]).
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Using these paths, we can find the output operators in terms of the input operators using
the following form [3]:
ĉ = [sum over paths from a −→ c]â+ [sum over paths from f −→ c]f̂ (2.3.19)
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The transfer matrix describing the routing of photons from the inputs to the outputs
through a single MRR using the creation operators will be denoted as T; T is equivalent to
the transfer matrix shown in Eq.(2.3.25). This leads to the following linear system [3]:
â† = tĉ† + sl̂† (2.3.27)
f̂ † = s′ĉ† + t′ l̂† (2.3.28)
The T matrix is used to perform all calculations and is defined in terms of the basic parameters












The T matrix describes a linear transformation for the relationship between the inputs and













Because the vacuum is the same on both sides of the MRR, photons can be generated as any
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arbitrary input state using the input operators â† and f̂ †. The state can then be evolved
through the linear transformation T into the corresponding output operators in the modes
ĉ† and l̂†. An example particularly relevant to our work here is the case in which there are
identical coincident photons.
|ψin〉 = |1〉a |1〉f = â
†f̂ † |vac〉 (2.3.31)
Substituting from Eqs.(2.3.27 and 2.3.28) and following the same process used for the lossless
beam splitter:
|ψout〉 = (tĉ† + sl̂†)(s′ĉ† + t′ l̂†) |vac〉 (2.3.32)
= (ts′ĉ†ĉ† + tt′ĉ† l̂† + ss′ l̂†ĉ† + st′ l̂† l̂†) |vac〉 (2.3.33)
=
√
2ts′ |2〉c |0〉l + (tt
′ + ss′) |1〉c |1〉l +
√
2st′ |0〉c |2〉l (2.3.34)
For the HOM effect to occur the “Feynman” paths leading to |1〉c |1〉l terms must destructively
interfere, meaning tt′ + ss′ = 0. Therefore, the probability of achieving the HOM effect with
one photon coincident on each input of a single double-bus MRR can be written as:
P(1,1) = |tt′ + ss′|2 = 0 (2.3.35)
This is the constraint that determines the HOM manifolds for the single double-bus MRR.
2.4 Row Mode Algebra
To understand the photonic transport properties of longer chains of serially connected
MRRs we always want to work out the T matrix for reasons described in the previous section.
Therefore, it is imperative to expand the analysis of the discrete path integrals from a single
MRR to an arbitrary number of N MRRs in series.
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Figure 2.4: Schematic of a linear chain with N double-bus MRRs
Each of the individual MRRs in such an array is characterized by a Tmatrix parameterized
as indicated in Eq. (2.3.29). For the jth MRR in the chain, the evanescent coupling parameters
along the lower rail are (κj , τj), those along the upper rail are (γj , ηj), and the round trip phase




2 . We will continue to assume that each individual ring is coupled in




2θj . Naturally, in order to preserve the Bosonic commutation
relations for all modes inside and outside of each ring, the coupling parameters must obey the




























In order to analyze the photonic transport properties of non-trivial chains (N>1), we must
develop a combination rule for the T matrices that properly relates the creation operators
describing the input modes to those describing the output modes in accordance to our Heisen-
berg picture description of the interaction. We will refer to the overall transformation matrix
for the creation operators due to an MRR chain of length N as MN . Clearly, M1 = T as
previously derived.
The linear coupling between the waveguides and the MRRs are necessarily directional.
Looking at Figure 2.5, photons either pass from left-to-right along the ‘lower rail’ or right-
to-left along the ‘upper rail’ and they traverse through each MRR in the counter-clockwise
sense. This directionality is a topological property of these quantum circuits and causes a
‘mixed-linkage’ in the physical connections between successive MRRs in the series.
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Figure 2.5: Schematic of a linear chain with two MRRs
For example, along the upper rail of a network the output of MRR j+1 is the input for
MRR j; on the contrary, along the lower rail the output of MRR j is the input for MRR j+1.
Because of this we cannot simply multiply successive T matrices in order to obtain the overall
M matrix. As a result, we must develop what can be called a ‘row mode algebra’ in order to
correctly relate the modes of successive MRRs so that their T matrices can be combined. As
a simple example illustrating the necessity and the application of row mode algebra to find
the transfer matrix for a series of MRRs, we will explicitly show the derivation for two MRRs
(N=2). Looking at the directional arrows on Figure 2.5 we can easily write the relationship
between the inputs and outputs for both MRRs. For the first MRR: the outputs are l̂† and
b̂†1,2 and the inputs are â
† and d̂†2,1. The matrix relating the outputs to the inputs for the first










Similarly for the second MRR, the outputs are ĉ† and d̂†2,1, the inputs are f̂ † and b̂
†
1,2, and the










It’s clear to see from the equations for both MRRs Eq.(2.4.37) and Eq.(2.4.38) that the
outputs of the first MRR do not align with the inputs of the second MRR. We cannot simply
matrix multiply the series of MRRs; a linear chain of MRRs is not a multiplicative chain of
T matrices. In order to make the matrices arithmetically “compatible” we must swap some of
the modes to properly align the two T matrices. The action of the row mode swap is to swap
22 2.4. Row Mode Algebra
2.4. Row Mode Algebra
the entries between the two sides of the equation for either the ‘upper’ or ‘lower’ entries of the
column matrices. We will be using S to represent a mode swap operation on a matrix. The
superscript in parenthesis represents the size of the matrix it acts upon, which here will always
be two. The subscript is used to indicate whether to perform an ‘upper’ or a ‘lower’ row mode
swap, with 1 representing ‘upper’ and 2 representing ‘lower’. We now show the action of these










If we apply an upper row mode swap on Eq. (2.4.39), using S(2)1 , the entries x and x′ in the












Similarly, applying a lower row mode swap on Eq. (2.4.39), using S(2)2 , swaps the entries y












The actions of S(2)1 and S
(2)

























If both S(2)1 and S
(2)
2 are applied to an arbitrary matrix, the column matrices are effectively
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swapped and the 2x2 matrix is inverted, as it must be for the equality to hold.
Notice what happens when we perform a lower row mode swap on Eqs.(2.4.37-2.4.38),
swapping the lower entries (i.e. d̂†2,1 and l̂
† have swapped places). Once we are implementing
the row mode swaps it is more convenient to change perspective from input-output to left-to-
right through the series of MRRs, and to reflect this change in perspective we have dropped
the ‘in’ and ‘out’ subscripts. â†
l̂†










Now both equations contain
b̂†1,2
d̂†2,1
 so we can do a straightforward substitution and combine
the two MRRs: â†
l̂†




However, this is not the final matrix because we want to find the transfer matrix that relates
the inputs to the outputs. The overall inputs are â† and f̂ † and the outputs are ĉ† and l̂†. In
order to get the inputs and outputs together correctly, we have to do a global lower row mode















We have restored the in and out subscripts now that we recovered the relation from inputs to








The process of employing the row mode algebra is formulaic and it is straightforward to expand
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The result of the mode swap sequence is that MN has taken the place of the T matrix, to
describe the overall transfer matrix relating the input operators to the output operators for a
chain of length N, as shown in Figure 2.4. Summarizing, to find the overall transfer matrix
for N MRRs in series, we first do local lower row mode swap on each T matrix. Then we
multiply those N locally mode swapped matrices together. Finally, we perform a global lower
row mode swap on the result. Note that whether you need to use upper or lower row mode
swap depends on the convention used in labeling the modes. This procedure for finding the
MN matrix is used for all of the following calculations. The individual elements of the MN
matrix are then used to extract all relevant physical results.
2.5 HOM effect for series of MRRs
For an MRR chain of any length, the matrix MN is 2x2. The general form for MN is:
MN =
W ({κj , τj , γj , ηj , θj}Nj=1) X({κj , τj , γj , ηj , θj}Nj=1)
Y ({κj , τj , γj , ηj , θj}Nj=1) Z({κj , τj , γj , ηj , θj}Nj=1)
 (2.5.51)
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By considering the input state of two identical, coincident photons, |in〉 = |1〉a |1〉f and pro-
ceeding exactly as in the simpler case of the lossless beam splitter, we arrive at the general
HOM constraint for an arbitrary length linear chain of MRRs,
P1,1 = |W ({κj , τj , γj , ηj , θj}Nj=1)Z({κj , τj , γj , ηj , θj}Nj=1)
+X({κj , τj , γj , ηj , θj}Nj=1)Y ({κj , τj , γj , ηj , θj}Nj=1)|2 = 0
(2.5.53)
For each MRR in a chain, there are four, generally complex, coupling parameters and one
real, round trip phase shift, which, if we were to consider general partitions for the coupling
of each MRR, would contribute one more real parameter, say φ(j)1 = θj − φ
(j)
2 . Amongst
these nine real parameters there are a total of three constraints on the coupling parameters
resulting from the reciprocity relations obeyed by the field modes at each coupler [58]. Note
that the conventions we adopt for the coupling parameters in regards to whether a transmission
occurs inside or outside of an MRR and whether a crossing is outside-to-inside or inside-to-
outside assure that two of the reciprocity relations for each directional coupler will be satisfied
for any choice of coupling parameters, (κj , τj) or (γj , ηj); see Appendix B for details about
directional couplers. In view of this accounting, Eq. (2.5.53) demonstrates that the HOM
effect is attainable, in principle, on a 6N-1 dimensional manifold with the parameter space of
the MRR chain having length N. This result is of theoretical importance in that it represents
a very substantial expansion of HOM accessibility in relatively simple devices in comparison
with the single MRR case in which the existence of HOM manifolds were first predicted [57].
The expression for the general HOM constraint is very complicated, even for a single MRR,
and the full parameter space for any linear chain is not necessarily feasible, or even possible
to access in any likely deployable circuit for use in a QIP system.
In what follows, we examine two specific operating regimes that are both experimentally
viable and theoretically tractable. Fortunately, we find in each case new and distinct quantum
advantages for QIP upon which these relatively simple and relatively short MRR chains can
capitalize. Combined with the scalability and the dynamic tunability inherent to the silicon
nanophotonic architecture, these new advantages related to the expanded parameter space and
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new potential modes of operation for implementing the HOM effect significantly contribute to
efficient and optimal photonic device design.
2.6 Schrödinger Picture
Both the Heisenberg and Schrödinger pictures predict the same quantum dynamics for any
system [5]. Though we work in the Heisenberg picture because that one is convenient, we will
give a brief description of how these results could be derived using the Schrödinger picture;
we follow closely the treatment by Yurke, McCall, and Klauder [62].
In the Schrödinger picture, operators remain constant and the states evolve. The double-
bus MRRs explored here perform two mode transformations that are elements of the SU(2)
Lie Group [63]. Physically, the SU(2) group of transformations are rotations on the carrier
space of 2-mode photonic state vectors [63]. Yurke et al. introduce the Hermitian operators



















These operators satisfy the commutation relations for the su(2) Lie algebra [62]:
[Jx,Jy] = iJz
[Jy,Jz] = iJx (2.6.55)
[Jz,Jx] = iJy
Continuing to follow the beam splitter example presented by Yurke et al., the scattering matrix
is [62]:
U =
 cos α2 −i sin α2
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In the Schrödinger picture J remains constant and the state vector is transformed, which can
be expressed as follows [62]:
|out〉 = e−iαJx |in〉 (2.6.57)
The same process discussed by Yurke, McCall, and Klauder could be followed for the MRR
chains we describe if one desired to work in the Schrödinger picture. MRRs, like beam splitters,
act as a rotation and we could transform the state vectors just like above for a beam splitter
as long as we produce the scattering matrix (U) for the MRR (or series of MRRs). Naturally,
in our case, the group parameter, α, will depend on the properties of the array of MRRs.
These relationships are necessarily complicated algebraic expressions, and we are working in
the Heisenberg picture for the remainder of this work, so we choose to omit them. For our
purposes it is much more convenient to use the discrete path integral formulation and mode
swap algebra.
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Series of Identical MRRs
3.1 Characterizing Series Chains of Identical MRRs for Opti-
mizing the HOM Effect
In this chapter we investigate lossless photonic transport through a linear array of identical
MRRs, specifically in search of enhancements to the HOM effect available in such a relatively
simple structure.






Further, we will assume that each MRR is symmetrically coupled in the the following way:
τj = ηj ∈ Real⇒ κj = γj = i
√
1− τ2j (3.1.2)
Further, we assume here that all MRRs are coupled to the waveguides in the exact same way,
allowing all MRR parameters to be expressed in terms of one variable, τ :
τj → τ ⇒ κj = γj = i
√
1− τ2 (3.1.3)
Working under these restrictions, we see that there are only three real parameters that identify
a particular linear chain. They are (1) the round trip phase shift, θ, for each MRR, (2) the
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linear coupling, τ , between the waveguides and each MRR, and (3) the length, N, of the chain.
Applying these constraints to the general result given by Eq.(2.5.53), the probability for
output photon coincidence reduces to:
P1,1(τ, θ;N) = |W ({τ, θ}N )Z({τ, θ}N ) +X({τ, θ}N )Y ({τ, θ}N )|2 (3.1.4)
where the exponent N is used to simply remind us of the multiplicity of the parameters (i.e.
the two parameters τ and θ will appear N times in the expression). For a chain of identical
MRRs the HOM constraint becomes:
|W ({τ, θ}N )Z({τ, θ}N ) +X({τ, θ}N )Y ({τ, θ}N )|2 = 0 (3.1.5)
For a chain of length N, this yields implicitly a one-dimensional manifold, τN (θ), on which the
HOM effect occurs.
For the case of identical MRRs, all with the same couplings, the individual T(j) matrices
reduce to:






1 + τ4 − 2τ2 cos θ2
−2i sin θ2 1− τ2
1− τ2 −2i sin θ2
 (3.1.6)
Applying the row mode algebra developed in the previous chapter, one can compute the
functions W,X, Y, and Z in closed form, as required per Eq.(3.1.4). The results are compli-
cated, even for this case, and not especially instructive. We omit them here and simply jump
to the expressions for P1,1 for small N (1, 2, and 3 MRRs):
P1[τ, θ] =
(1− 4τ2 + τ4 + 2τ2 cos θ)2
(1 + τ4 − 2τ2 cos θ)2
(3.1.7)
P2[τ, θ] =
(1− 4τ4 + τ8 + 2τ4 cos θ)2
(1 + τ8 − 2τ4 cos θ)2
(3.1.8)
P3[τ, θ] =
(1− 4τ6 + τ12 + 2τ6 cos θ)2
(1 + τ12 − 2τ6 cos θ)2
(3.1.9)
Here the subscript denotes the number of MRRs in the chain, N. Observing these expressions,
it is clear to see there is a pattern emerging for P1,1, and by induction, with some rearranging
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in the numerator to highlight the quadratic nature of the expression, we can find the exact
analytical solution for the output photon coincidence probability for any number of MRRs:
P1,1(τ, θ;N) =
(1 + τ4N − 2[2− cos θ]τ2N )2
(1 + τ4N − 2τ2N cos θ)2
(3.1.10)
The only potential mathematical pitfalls at θ → 0, π and τ → 0, 1 are avoided using the
L’Hôpital rule [64]. More over, these limiting cases are either unphysical (τ → 0) or trivially
equivalent to an identity operation (τ → 1). Therefore, this result is well-behaved over the
entire parameter range for the device.
To work out the one dimensional HOM manifold for a chain of length N we set the numer-
ator of Eq.(3.1.10) to zero:
(1 + τ4N − 2[2− cos θ]τ2N )2 = 0 (3.1.11)
such that:
1 + τ4N − 2[2− cos θ]τ2N = 0 (3.1.12)
This form is quadratic in τ2N , yielding mathematical roots:
τ2N = 2− cos θ ±
√
3− 4 cos θ + cos2 θ (3.1.13)
Physically, we require that 0 ≤ τ2N ≤ 1, revealing the root with the minus sign to be the
physical one. The exact solution for the one dimensional HOM manifold (HOM curve), for a
chain of length N, is:
τN (θ) = (2− cos θ −
√
3− 4 cos θ + cos2 θ)
1
2N (3.1.14)
The exact results given by Eqs.(3.1.10) and (3.1.14) form the basis for all of the results we
present in this chapter. We show in Figure 3.1 the exact HOM curves for chain lengths N=1...6
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Figure 3.1: Exact analytic HOM curve solutions for up to six identical MRRs in series
In the next section, we use these exact analytical results to propose linear arrays that
optimize the attainability of the HOM effect for a variety of potential scenarios that impact
the design, engineering, and deployment of quantum optical networks for QIP. To introduce
the metrics we employ in characterizing linear arrays of identical MRRs, it is useful to consider
some of the analytical characteristics of the one dimensional HOM manifolds.
For each chain length, there is a minimum cutoff value of the coupling parameter τ below
which the HOM effect cannot occur for any round trip phase shift. To determine this cutoff,












which occurs for θcutoff = π, independent of N. Figure 3.2 illustrates the upward trend of the
cutoff coupling parameter with increasing chain length, this trend is also represented by the
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horizontal dashed lines in Figure 3.1.
Figure 3.2: τ min cutoff values for series of identical MRRs
Note that there is a flattening of the trend in τNcutoff starting generally in the neighborhood
of 3dB directional couplers, τ = 1√
2
. This is fortunate result, as devices with τ values in that
range are experimentally readily accessible.
We envision linear chains of identical MRRs designed to operate ideally at the cutoff
parameters, τNcutoff and θcutoff = π. It is clear from Figure 3.1 that this sweet spot in the
one-dimensional HOM manifold occurs at the flattest part (the minimum point) of the HOM
curve. This point is extremely stable; the HOM effect will remain experimentally attainable,
even if the round trip phase shift drifts slightly away from the ‘ideal’ value of π. The stability
around this optimal operating point combined with the dynamic tunability of circuits in silicon
nanophotonics should allow this sweet spot to be easily experimentally maintained in an
operating device. To further understand the stability of the HOM effect in linear arrays of
identical MRRs, we examine the Taylor series expansion to fourth order of the output photon
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coincidence probability about the critical point:






























































































(θ − π)2(τ − τc)2
(3.1.17)
Many simplifications occur when we focus on the sweet spot on the HOM curve at τNcutoff and
θcutoff = π. The first term of the expansion vanishes, because we are on the HOM curve so
P1,1 = 0. The first derivative terms in both τ and θ disappear because P1,1 is at its minimum
value along any curve passing through the critical point being evaluated. Many of the other











































(θ − π)2(τ − τc)2
(3.1.18)
The lowest order correction is second order purely in τ and the lowest order correction is
fourth order purely in θ. The remaining terms are higher order corrections purely in τ and
mixed terms that contain combinations of both τ and θ. The mixed terms are negligible,
because they are at least third order in small parameters, arising from the asymmetry in seen
in Figure 3.3(a). Figures 3.3(a) and 3.3(b) show the stability of P1,1 in τ and θ, respectively.
Note the visibly evident “flatness” near θ = π in Figure 3.3(b) which gives further evidence to
the extreme stability in θ.
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(a) Plot of P1,1 vs τ at θ = π for N=1...10.
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(b) Plot of P1,1 vs θ at τ = τNcutoff for
N=1...10.
Figure 3.3: Plots showcasing the stability of the HOM curves.
















(θ − π)4 (3.1.19)
This is a very stable operating point for the HOM effect, these perturbations are second order
in τ and fourth order in θ. The accessibility of the HOM effect in a linear array of identical
double-bus MRRs follows from this result.
We introduce experimental tolerances by considering the state fidelity of the P1,1 output
state with respect to the two-photon NOON state (|2 :: 0〉). In general, the state fidelity of a
target state |Φ〉 with respect to fiducial state |Ψ〉 can be defined as:
F (Φ|Ψ) = | 〈Φ|Ψ〉 |2 (3.1.20)
If we generically label the two-photon output state from a linear array of MRRs as |out〉, then
the HOM effect happens whenever:
F (2 :: 0|out) = | 〈2 :: 0|out〉 |2 = 1 (3.1.21)
which is simply an alternate way to say that:
P1,1 = 1− F (2 :: 0|out) = 0 (3.1.22)
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Bearing this in mind, we define an HOM effect tolerance in a chain having length N as:
εN ≡ 1− F (2 :: 0|out) (3.1.23)
such that ideal HOM output corresponds to εN = 0. This definition of the HOM tolerance
guarantees that it is a positive semi-definite quantity, and as a result, it represents a distance
in the θ × τ parameter space of the linear array. Using this definition, we will stipulate that
the HOM effect occurs within a set experimental tolerance (obtained from the fabrication,
thermal, and detection details of a particular packaging) for any point in the neighborhood of














(θ − π)4 ∼ εN (3.1.24)
This ensures that εN is a positive semi-definite quantity. P1,1 = 0 is the exact HOM effect,
but observation of the HOM effect is experimentally feasible for values up to P1,1 = 0.05 [65].
For this reason we will use εN = 0.05 for the following calculations and focus on the region
between 0 ≤ P1,1 ≤ 0.05 as locations where the HOM effect is experimentally obtainable.
We first consider fluctuations in round trip phase angle. Naturally, the flatter the HOM
curve, the more stable the effect, especially near the sweet spot. Especially because the fluc-
tuations in θ are fourth order stable, we introduce a very simple metric to characterize the









for characterizing the ‘flatness’ of an HOM curve for a chain of length N. Clearly, linear chains
having smaller values of ξ̄N are more stable with respect to the HOM effect against fluctuations
in θ. Note that we choose the average curvature across the entire θ range, because according
to Eq. (3.1.19) taking the curvature at the critical sweet spot would result in a ‘flatness’ of 0
for all HOM curves. Also, due to the monotonic trend for the one-dimensional HOM manifolds
in the system (see Figure 3.1), we have instead chosen to the average curvature to incorporate
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global stability qualities of the device.
To complete our characterization of the practical accessibility of the HOM effect in a linear
array of identical double-bus MRRs, we introduce a third metric based upon the fluctuations
in the coupling parameter, τ .
We use the tolerance εN as the basis for a p-collar (the curves of P1,1 = 0.05 bounding the
HOM curve, creating a 5% tolerance) around the ideal HOM curve (P1,1 = 0) to characterize
the HOM stability with respect to fluctuations in τ . In view of Eq. (3.1.24), this actually
characterizes the ‘worst case scenario’ where all of the experimental fluctuations are in τ .
Therefore, this metric is an outer bound for the robustness of the HOM effect with respect to
τ . Figure 3.4 shows p-collars around HOM manifolds for chains for length 1, 2, and 3. For a
given tolerance, εN , the curves delineating the upper (+) and lower (-) bounds of the HOM
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MRR1: curve of P1(θ,τ)=0








MRR2: curve of P2(θ,τ)=0








MRR3: curve of P3(θ,τ)=0
Figure 3.4: 0.05 p-collars on HOM manifolds for 1, 2, and 3 series connected identical MRRs.
Black solid curve is P1,1 = 0 and blue and red dotted curves are P1,1 = 0.05.
Inspecting Figure 3.4, it is clear that the p-collar for any set value of HOM tolerance for
any length chain is widest in the θ× τ plane at θ = π, which also happens to be the operating
point in which we are especially interested. For simplicity in characterizing the HOM stability
of a linear array of identical MRRs we define our third metric, the maximum width of the
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HOM p-collar for a given HOM tolerance,





In a very obvious way, we can arrive at an exact expression for δτ (N)max(εN ) for any value
of the HOM tolerance. The general expression is extremely cumbersome and not especially
illuminating. In practice, it is far easier to determine the maximum tolerance width numerically
to whatever number of decimal places is beneath the experimental tolerance εN . Intuitively,
we expect linear arrays that have p-collars with larger maximum widths for a given value of
HOM tolerance to function more robustly in exhibiting the HOM effect.
To summarize the development in this section, we propose the HOM effect is more ef-
fectively implemented in linear arrays of double-bus MRRs for those arrays that have (1) an
HOM cutoff coupling parameter near the one for 3dB couplers, τNcutoff ≈ 1√2 , (2) HOM curves
whose average curvatures, ξ̄N , are as small as possible, and (3) HOM maximum tolerance
widths, δτ (N)max(εN ), as large as possible, for any given HOM tolerance εN .
3.2 Results for Linear Arrays of up to Three Identical MRRs
We have identified three characteristics to use as the standard for describing series of
identical MRRs; they are: (1) τmin, minimum τ value, (2) ξ̄N , average curvature, and (3)
δτ
(N)
max, maximum τ width. τmin is the minimum value where the HOM effect occurs (at
θ = π). This is also the value where the HOM curve is the flattest (at the inflection point),
and therefore should be thought of as the optimal τ value for experimental operation, as it is
the most stable. ξ̄N is the average curvature value across all θ values (see Eq.(3.1.25) and is a
measure of the ‘flatness’ of the HOM curve. This can also be thought of as the tolerance in θ;
it gives an idea, although not an exact value, how much θ can vary, for a given τ value, and
still remain on or near the HOM curve. Lastly, δτ (N)max is calculated by finding the contours of
0.05 probability and calculating the distance between them at θ = π. Therefore, δτ (N)max is the
vertical distance from the contour of 0.05 probability below the HOM curve to the contour
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of 0.05 probability above the HOM curve. This is effectively a measure of the tolerance in
τ , as it gives information about the width of the crescent shaped HOM effect area and gives
a sense of how much τ can vary, at constant θ, while remaining within 0.05 probability of
the HOM curve. These characteristics allow one to easily identify and compare the strengths
and weaknesses of different numbers of identical rings in series, which informs the design and
fabrication of more complex circuits depending on the HOM effect such as those reviewed
briefly in chapter 1. Series of identical MRRs with higher chain lengths (N>1) allow for the
HOM manifold to extend to regions that are inaccessible for a single MRR (N=1).
Figure 3.5 shows a side-by-side comparison of the HOM contour plots for one, two, and
three identical rings in series. These contour plots are of the P1,1 function (see Eq.(2.5.53)),
so the contours are in probability ranging from 0 to 1. The first contour is at P1,1 = 0.05,
then contours are placed at 0.1 and each increment of 0.1 probability intervals until 1 (i.e.
0.1,0.2,0.3...). The darkest blue, crescent shaped region between 0 ≤ P1,1 ≤ 0.05 is where the
HOM effect is experimentally viable. Note that the N=1 MRR contour plot is the contour plot
version of the surface plot for one MRR presented in [57]. We now extend the work to longer
chains of identical MRRs in series. Adding identical MRRs in series can have clear advantages
and disadvantages which we will further characterize and optimize in the following section. In



































1 MRR Contour Plot

















































2 Identical MRR Contour Plot














































3 Identical MRR Contour Plot
(c) Contour Plot for three
Identical MRRs
Figure 3.5: Contour plots of the HOM manifolds for up to three identical rings in series
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Note that the darkest blue crescent shape regions in Figure 3.5 are the areas where
0 ≤ P1,1 ≤ 0.05, the area the HOM effect is experimentally achievable. This is an obvi-
ous enhancement beyond the traditional beam splitter, which would only appear as one point
on this contour plot (at the 50/50 operating point). Additional identical rings in series beyond
the first permit even further enhancement to the HOM manifold in that the HOM effect can
now be accessed at τ and θ values where it is not available with a single MRR. For example,
adding identical rings in series causes the HOM curve to shift to higher τmin values while also
becoming flatter in θ values, or in other words decreasing ξ̄N . This allows for the array of
MRRs to have a higher tolerance in θ, but requires higher τ values for the HOM effect to
be achieved. Different numbers of MRRs in series may prove to be more effective depending
on the goal for which the circuit is fabricated. For this reason, we aim to characterize these


























MRR1: curve of P1(θ,τ)=0
(a) The solid blue line is the HOM curve
(P1,1 = 0) for N=1, the red dotted line is
τmin, the pink dashed line is ξ̄1.








MRR1: curve of P1(θ,τ)=0
(b) HOM curve for one MRR plotted in
solid black with red and blue dashed lines
where P1,1 = 0.05, showing δτ (1)max.
Figure 3.6: Characteristic plots for one MRR.
Figure 3.6 represent the metrics we use to characterize the HOM effect for one MRR: τmin
= 0.4142, ξ̄1 = 0.153167, δτ
(1)
max = 0.132315. The main advantage of the single MRR is that
the HOM effect can be achieved at τ values down to 0.4142 [57], however the single MRR
also has the highest ξ̄, meaning there is less tolerance in θ to stay on or near the HOM curve.
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Another advantage to the single MRR is the δτmax, which is highest for N=1, meaning there























MRR2: curve of P2(θ,τ)=0
(a) The solid blue line is the HOM curve
(P1,1 = 0) for N=2, the red dotted line is
τmin, the pink dashed line is ξ̄2.








MRR2: curve of P2(θ,τ)=0
(b) HOM curve for two MRRs plotted in
solid black with red and blue dashed lines
where P1,1 = 0.05, showing δτ (2)max.





















MRR3: curve of P3(θ,τ)=0
(a) The solid blue line is the HOM curve
(P1,1 = 0) for N=3, the red dotted line is
τmin, the pink dashed line is ξ̄3.








MRR3: curve of P3(θ,τ)=0
(b) HOM curve for three MRRs plotted in
solid black with red and blue dashed lines
where P1,1 = 0.05, showing δτ (3)max.
Figure 3.8: Characteristic plots for three identical MRRs in series.
Figure 3.7 represent the metrics we use to characterize the HOM effect for two identical
MRRs in series. τmin = 0.6436, ξ̄2 = 0.0787691, δτ
(2)
max = 0.102931. Clearly adding a second
identical ring in series shifts the HOM curve to higher τ values while also decreasing ξ̄ and
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the δτmax. The HOM curve for two identical rings is well positioned to be achieved at 3dB
(i.e. each coupler is 50/50) coupling (τ = 1√
2
) over a range of θ values, which aligns well with
general specifications for fabrication and implementation of photonic devices. The HOM curve
for two identical rings is much flatter, allowing for more tolerance in θ values at a given τ ,
as seen by ξ̄; the trade-off is that the HOM curve has lower δτmax, which means there is less
tolerance in τ values to remain within 5 percent tolerance of the HOM curve.
Figure 3.8 represent the metrics we use to characterize the HOM effect for three identical
MRRs in series. τmin = 0.7454, ξ̄3 = 0.0528082, δτ
(3)
max = 0.0795518. Adding a third identical
ring in series continues to shift the HOM curve to higher τ values, increasing τmin, decreasing
ξ̄ and decreasing δτmax. The results for identical series of up to ten rings are summarized in
the following table with the characteristics we have identified to be most relevant for device
fabrication:
Chain Length (N) τmin ξ̄N δτ
(N)
max
1 0.4142 0.1532 0.1323
2 0.6436 0.0788 0.1029
3 0.7454 0.0528 0.0796
4 0.8022 0.0397 0.0642
5 0.8384 0.0318 0.0537
6 0.8634 0.0265 0.0461
7 0.8817 0.0227 0.0404
8 0.8957 0.0199 0.0359
9 0.9067 0.0177 0.0323
10 0.9156 0.0159 0.0294
Table 3.1: Table summarizing characteristics for series of up to ten identical rings.
These trends that can be seen in the series of up to ten MRRs continue with the inclusion
of more identical rings in series. As N increases, τmin increases, ξ̄N decreases, and δτ
(N)
max
decreases. The HOM curves continue to move to higher τ values while becoming flatter (less
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curvature) and thinner (smaller δτ (N)max). If the most desired characteristic is tolerance in θ and
you can achieve high τ values three or even higher numbers of rings may be the best option.
If the most desired characteristic is tolerance in τ the single MRR is superior. For a good
balance that gives good tolerance in both τ and θ it seems that two identical rings in series
may be the best option. Another added benefit of the two identical rings in series is that the
minimum τ value (the flattest part of the HOM curve) resides near the 3db coupling point.
3.3 Linear Arrays of Identical MRRs as an HOM Interference
Filter
As discussed above and shown again in Figure 3.9, increasing the chain length, N, shifts
the HOM curve to higher τ values. Longer chains of identical MRRs make the HOM effect
easier to achieve, provided that high τ values (nearly τ = 1) can be achieved; however, δτ (N)max
decreases as N increases, so the tolerance in τ decreases as more MRRs are added to the chain.
Therefore, these long chains of identical MRRs can be thought of as sensitive filters for the
two-photon HOM effect. When we say that the HOM effect should be easier to achieve at
higher τ values it is because it should be feasible to increase τ experimentally by adjusting
the evanescent coupling of the MRR chain to the waveguide (weakly coupling the MRRs).
Out[ ]=



















Figure 3.9: P1,1 vs τ at θ = π for N=1,2,...10.
An example diagram depicting the evanescent coupling between an MRR and the waveg-
uide is shown in Figure 3.10. The evanescent tail of the waveguide mode, e
−Z
δ , where Z is
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the gap between the MRR and the waveguide at the coupler and δ is the evanescent ‘skin
depth’ for leakage of the mode function out of the waveguide at the coupler, determines ∆n,
which is the effective index of refraction mismatch between the waveguide and the MRR. Z
can be dynamically tuned thermally and ∆n increases as Z decreases; the coupling is stronger
the closer the waveguide is to the MRR. We can rewrite τ in terms of ∆n, L, and λ, which
illuminates why it should be easier to achieve high τ values:











Where L is the coupling length and λ is the vacuum wavelength. High τ values are relatively
easy to achieve by adjusting the parameters concerning the evanescent coupling of the MRR
to the waveguide. For example, by decreasing L, reducing the length of the MRR coupled
to the waveguide and therefore reducing the interaction time, or increasing Z, the distance
between the MRR and the waveguide at the coupler, will cause τ to increase.
Figure 3.10: Diagram of evanescent MRR coupling.
Because the HOM effect is ‘filtered’ to high values of τ for sufficiently long chains of
identical MRRs, shorter interaction times are required between the MRR and the waveguide
for a given ∆n, which could allow for more efficient fabrication and packaging as the MRR
shape could be changed from an oval ‘racetrack’ shape (which is used to maximize L), to a more
circular ‘ring’ shape. The index mismatch, ∆n, can also be controlled thermally, allowing for
a correction mechanism during operation of such a filter, by dynamically tuning the Z distance
to achieve and maintain the relatively sensitive τ value required for the HOM effect in long
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chains of identical MRRs.
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Chapter 4
Series of Non-Identical MRRs
4.1 Characterizing Series Chains of Non-Identical MRRs for
Optimizing the HOM Effect
As we have discussed above, the general HOM constraint for a series chain of linearly-
coupled double-bus MRRs having chain length N identifies a 6N-1 dimensional manifold on
which the HOM effect is obtained. In the previous chapter, we have presented the surprisingly
rich physics that arises, even in one of the simplest cases, identical MRRs with identical
couplings to the waveguides connecting them. In this chapter we take a first step in relaxing
the constraint of identical MRRs. In doing so, we retain the constraint of identical couplings
and we parameterize the the difference between successive MRRs using a fixed round trip
phase offset, as represented schematically in Figure 4.1. Note that in Figure 4.1 successive
MRRs are depicted as physically larger, which is the case for positive ∆θ, but ∆θ can, in
general, be either positive or negative, and the effect of the sign of ∆θ on the HOM manifold
is expanded upon further in the following section.
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Figure 4.1: Diagram of a linear chain of non-identical MRRs. All couplings are identical
and symmetric, characterized by τ ; however, round trip phase shifts are different between
successive rings.
We have several reasons for considering such a circuit. First, the overhead in terms of
fabrication complexity of this circuit exceeds that of the linear chain of identical MRRs only
trivially, if at all. Second, the round trip phase shift offset ∆θ represents another engineering
control parameter for the system. As we shall show, this allows for yet another gain in HOM
effect accessibility that can be realized in an experimentally feasible way. Further, because one
can dynamically adjust this parameter easily by differentially applying thermal stresses and
strains to the MRRs, just as for θ itself, we have been able to propose an ‘entanglement switch’
that we discuss in detail in Section 3 of this Chapter. Third, as a matter of mathematical
convenience (to which nature is in no way beholden), we gain insight into the effect of non-
identical MRRs by continuing to study one-dimensional HOM manifolds – in this chapter, we
take the phase shift offset to be set at fabrication and tunable during operation.
To study the chain of non-identical MRRs, we rewrite the HOM constraint as follows to
reflect the parameterization we have adopted:
|W ({τ, θ; ∆θ}N )Z({τ, θ; ∆θ}N ) +X({τ, θ; ∆θ}N )Y ({τ, θ; ∆θ}N )|2 = 0 (4.1.1)
For a chain having length N and fixed round trip phase shift offset ∆θ this yields implicitly
a one-dimensional manifold, τN (θ; ∆θ), on which the HOM effect occurs. The algebraic steps
required to find such a manifold are, in principle, the same ones, including mode swapping, as
for the chain of the same length of identical MRRs. Unlike the case of identical MRRs, the
case we consider in this chapter does not admit a convenient analytical form for τN (θ; ∆θ). In
the following two sections we present results based on numerical calculations and predicting
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two new modes of operation that enhance in distinct ways the implementation of the HOM
effect in a deployable photonic circuit.
4.2 Enhanced Parametric Control for Implementation of the
HOM Effect
The parameterization adopted in this chapter for series of non-identical MRRs allows for
a greater level of control over where the HOM effect is achievable by allowing each ring to
have a constant offset to θ, ∆θ. In terms of fabrication and design, these constant offsets to
the round trip phase shift are realized by changing the optical path length of the MRR, by
making the rings slightly larger or smaller. Each non-identical MRR in the series creates a
“spike” structure which is extremely controllable and depends entirely on ∆θ. Generally, larger
∆θ values between successive MRRs create spikes that are wider, covering a larger range of
θ values, and extend to smaller τ values. Smaller ∆θ values between successive MRRs create
spikes that cover thinner θ ranges, and are shorter, only present at higher τ values. ∆θ
values beyond π cause the main crescent shape to be lost. MRRs with positive ∆θ values will
produce spikes above the main crescent, at higher θ values, and negative ∆θ values produce
spikes below the main crescent, at lower θ values. At least two MRRs are required to produce
this non-identical, spike structure effect, and linear chains with more than two MRRs allow
even more spikes to be placed, as each additional MRR can correlate to an additional spike.
As higher numbers of spikes are added with longer chains of non-identical MRRs, the main
crescent gets compressed in θ.
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Figure 4.2: Contour plot of two rings, c1 = −π2 , c2 = 0.
For example, Figure 4.2 shows the coincidence probability of measuring the |1〉 |1〉 output
state for a series of two rings where one of the rings has a ∆θ of −π2 . This creates the spike
structure on the bottom of the contour plot, near θ = 0. The main crescent shape is shifted
upwards to higher θ values and compressed. On the contrary, Figure 4.3 is also a two ring
series, but with ∆θ for the first ring positive instead of negative; this causes the spike to
























































































Figure 4.3: Contour plot of two rings, c1 = π2 , c2 = 0.
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The spikes are extremely controllable by adjusting ∆θ. The spikes can be moved to either
above or below the main crescent shape by using positive or negative offsets, respectively. The





















































































Figure 4.4: Contour plot of three rings, c1 = −π
2
, c2 = 0 , c3 =
π
2
More non-identical MRRs in the chain allow you to place more spikes on the graph, each
additional MRR with a different constant offset will produce another spike. In Figure 4.4
we have a three MRR chain where we have placed one spike structure near θ = 0 and one
near θ = 2π, one above and one below the main crescent. You could have easily placed both
either above or both below the main crescent shape just by making both offsets either positive
or negative. Extra rings in series with different offsets allow for a larger number of spikes,
yielding further control over the area where the HOM effect is present. Another possibility
created by using the non-identical rings in series is the ability to achieve the HOM effect at
lower τ values than were previously possible. The minimum τ value where the HOM effect is
achievable for any number of MRRs is with just a single MRR and it is at τ = 0.4142. As
shown in Chapter 3, adding additional MRRs always pushes the main crescent of the HOM
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curve to higher τ values; however, with the non-identical rings in series you can see clearly
from the above contour plots that spike structures with small ∆θ values allow the HOM effect
for much lower values of τ , as long as sufficiently precise combinations of τ and θ values can
be achieved.
At this point we want to include a brief description of what occurs to the HOM contour
plots if none of the MRRs in the series have a θ offset of 0. Including one MRR with no θ offset
allows for an absolute reference to which all the other MRRs in the series can be compared. If
all of the MRRs in the series have some θ offset the one with the smallest offset can be thought
of as the relative reference for the offsets of all the other MRRs, and the entire contour plot is

















































































































3 MRR Contour Plot (with θ=0)






















































































































3 MRR Contour Plot (without θ=0)


















































































































3 MRR Contour Plot (without θ=0) shifted down
π
4
(c) without θ = 0 shifted
Figure 4.5: Three MRR contour plots demonstrating the difference between series of MRRs
with at least one θ offset of zero and series with all non-zero offsets.
Figure 4.5 shows three different contour plots to highlight the effect described above that
occurs when none of the MRRs in a series are given a θ offset of zero. First, Figure 4.5(a)
is labeled ‘with θ = 0’ and shows a three MRR contour plot with θ offsets of 0, π4 , and
π
2
respectively. Figure 4.5(b) is labeled ‘without θ = 0’ because it also shows a three MRR




4 . This is equivalent to the three MRR series
plotted in (a), but with an additional θ = −π4 added to each MRR which causes none of
them to have an offset of zero, but they have the same relative offsets compared to each other.
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4.3. Linear Chains of Non-Identical MRRs as an HOM-based ‘Entanglement
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Notice how this plot (b) appears to be identical to plot (a), but shifted up by θ = π4 . To
drive home this point Figure 4.5(c) is the same three MRR series as plot (b), but plotted from
θ = {−π4 ,
7π
4 } instead of θ = {0, 2π} (effectively shifting plot (b) down by θ =
π
4 ). In the
end it’s clear that plot (a) is the same structure as plot (c), but the θ range of plot (c) has
been shifted by the amount equal to the smallest θ offset. By now it should be clear that
introducing a θ shift to all of the MRRs in a series does not change the structure of the HOM
contour plot, it merely causes a relative shift in θ. This provides a simple ‘sanity check’ on
our numerical calculations, and it is why for all other series of MRRs described in this thesis
it is assumed that at least one, if not multiple, of the MRRs has a θ offset of 0. The reason
why we always set at least one MRR with no θ offset is for simplicity and consistency across
the plots. This allows all the plots to remain in the range θ = {0, 2π} so that series with
different offsets or different numbers of rings can be easily compared especially with respect
to the HOM effect.
4.3 Linear Chains of Non-Identical MRRs as an HOM-based
‘Entanglement Switch’
Careful analysis of non-identical rings open up the possibility of creating a high accuracy,
HOM-based “Entanglement Switch”, where a small shift in θ could change the operating point
of the MRR series so that the HOM effect probability changes between zero and nearly one,
effectively creating a switch. This small shift in θ would cause the measurement output of the
device to rapidly change from a certain coincidence of separable (i.e. non-entangled) states
(P1,1 = 1), to a certain non-coincidence (HOM effect), which will result in the output of the
maximally path-entangled |2 :: 0〉 NOON state. This ability to shift the MRRs in θ is readily
available and has been done thermally in experiments [66, 67]. Using this present technology
in combination with these series of non-identical MRRs should allow for a simple manifestation
of an Entanglement Switch.
We continue to explore this idea by considering larger series of non-identical MRRs to
create HOM structures with more spikes, and we also explore changing the increments in the
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θ values between the consecutive rings to decrease the θ shift necessary for the switch action.
Even more narrow spike structures can be seen between the already present spikes seen if the
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Figure 4.6: Three MRR non-identical series contour plot, π2 increments
Figure 4.6 is virtually the same plot as 4.4, but with both of the spikes below the main
crescent shape. When we say "π2 increments", what we mean is that the θ offsets for each
ring change by π2 each time, ∆θ =
π
2 . For example in Figure 4.6, the rings have θ offsets of
0, −π2 , and −π, thus having an increment of
π
2 and always beginning with 0. The minus sign
simply signifies the fact that the spikes appear below the main crescent shape, but the switch
characteristics would be the same for positive ∆θ. Now for the three MRR example we will
begin to explore the relationship between τ values and the spike structures with respect to the
switch effect. The following probability plots are of the same three MRR non-identical series
shown in the above contour plot, with θ offsets as described above. The following plots are
“slices” through the contour plots at fixed values of τ .
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Figure 4.7: Probability plot of three MRR non-identical series, τ = 0.3
Figure 4.7 is a probability plot of measuring the |1〉 |1〉 output state with a |1〉 |1〉 input
state for τ = 0.3 on the three MRR non-identical series with c1 = 0, c2 = π2 , and c3 = π.
Notice immediately that this probability plot only ranges from θ = 0 to θ = π, highlighting
only the section of the plot with the spike structures. Clearly, these spikes are more extreme
than in the original two ring example, varying from a probability of zero (HOM effect) to
a probability of nearly one (complete coincidence) over a smaller θ range. Looking back at
Figure 4.6 notice that the τ = 0.3 slice of the contour is the very tip of the spikes and therefore
the probability quickly dips down to zero before returning close to one for the majority of θ
values. Notice what happens in the following plots as we cut slices at higher τ values. Figure
4.8 is another probability plot of the same three MRR non-identical series, but cutting across
τ = 0.4. Notice how there is a smaller spike beginning to form inside of the already present
spike structure. This is due to the fact that the HOM effect region from the spike structures
is in a sideways ‘V’ shape.
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Figure 4.8: Probability plot of three MRR non-identical series, τ = 0.4
If we choose the τ value that cuts across the bottom tip of the ‘V’, we see a single quick
dip down to a probability of zero. However, if we choose a higher τ value we see an initial
dip down to zero probability, a thin spike, then another dip down to zero probability before
returning to a coincidence probability close to one. This is due to the space between the ‘arms’
of the spike structure. Looking back at the contour plots and remembering that the darkest
blue region is where the HOM effect is experimentally viable, it becomes clear why these inner
spikes are present between the dips caused by the HOM effect of the spike.












Figure 4.9: Probability plot of three MRR non-identical series, τ = 0.5
Now in Figure 4.9, τ = 0.5 and the inner spike structures have grown taller. This is due
to the increased space between the arms of the spike structure. We now aim to create the
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correct set of conditions in a series of non-identical rings to achieve an inner spike structure
that reaches up to a probability as close as possible to one within as small of a θ range
as possible, creating a very efficient HOM-based “Entanglement Switch”. If the inner spike
structure is able to reach a probability of one, between two dips of zero probability, then it is
a potential candidate for a HOM-based Entanglement Switch. We present two very promising
candidates for creating the HOM-based Entanglement Switch effect, each based on a five MRR
non-identical series, the first having a θ increment of π4 and the second having an increment
of π8 . We will first present both cases for experimentally convenient τ values of 0.6, 0.7, and
0.8, then we will look in-depth at the characteristics of the τ = 0.8 cases as they appear to be
the best candidates.














Figure 4.10: Five MRR non-identical series contour plot, π4 increments
In Figure 4.10 we show the contour plot for the five MRR non-identical series with π4




4 , π. In the
case plotted in Figure 4.10 all the offsets are negative which places all of the spikes below the
main crescent shape in the region from θ = 0 to θ = π. Notice also that we have omitted the
contour labels on this plot because the numbers from the contour labels get quite cluttered on
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the spike structures as they get thinner. Still, the main thing to keep in mind when evaluating
the contour plots for the purpose of the HOM-based Entanglement Switch is the darkest blue
region which represents the area for the HOM effect (a coincidence probability of zero) and
the lightest tan region which represents a coincidence probability of one. We have also plotted
the same five MRR non-identical series in Figure 4.11, but zoomed only on the region from
θ = 0 to θ = π to focus on the spike structures.














Figure 4.11: Zoomed view of the five MRR non-identical series contour plot, π4 increments
The spikes are perfectly symmetric about θ = π2 line and it is also interesting to note, and
may be something to look into for future work, the difference between the shape of the two
inner spikes and the two outer spikes. It seems that the precise shape of the spikes could be
characterized by the θ offset on the corresponding ring and there seems to be a clear pattern.
Now evaluating the probability plots at different τ values we search for the best candidates
for an HOM-based Entanglement Switch:
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(a) τ = 0.6












(b) τ = 0.7












(c) τ = 0.8
Figure 4.12: Probability plots for five MRR non-identical series with π4 increments, τ =
0.6, 0.7, 0.8.
Here are the probability plots across τ values of 0.6, 0.7, and 0.8. We want to focus
specifically on the τ = 0.7 and τ = 0.8 plots to showcase some distinct differences between
them.












Figure 4.13: Probability plot of five MRR non-identical series with π4 increments, τ = 0.7
The τ = 0.7 plot, as shown in Figure 4.13, can be used as a good example to discuss
a characteristic of these HOM-based Entanglement Switches. Each 5 MRR case has four
‘embedded’ HOM-based Entanglement Switches over a couple of relevant θ ranges, some with
“high” contrast (i.e. visibility of about 0.9 in this plot) and some with “low” contrast (i.e.
visibility about 0.2 in this plot). We will not be considering the broader slopes as “switches”,
because they require a much larger θ shift to flip the switch. The θ shift is quite small for the
two thin central spikes, located between θ values of 1.1 and 1.2 and between 1.9 and 2.1, and in
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this example the switch would be considered high contrast, because for both of these spikes the
maximum probability is about 0.9, so one would record a coincidence only about 90 percent
of the time. In experimental terms, a low contrast HOM-based Entanglement Switch would
have a lower visibility than a HOM-based Entanglement Switch that reaches probabilities of
both zero and one. One could also use a τ value of 0.6, as shown in Figure 4.12(a), and have
an HOM-based Entanglement Switch that has a still lower visibility, but a razor sharp spike,
so that a very small change in θ would switch from a probability of zero to a probability of
about 0.6. However, having too small of a θ range could also be a disadvantage if the setup is
not extremely controlled, as any small shift in θ due to any type of noise would flip the switch.
We define the visibility (v) for a switch as follows:
v =
Pmax1,1 − Pmin1,1




The numerator is the local maximum value of P1,1 at the tip of the spike minus the local
minimum value where P1,1 = 0. The minimum value will always be zero and the denominator
uses the theoretical maximum (1) and minimum (0) values; therefore, v is simply the value
of P1,1 at the top of the spike for the entire switch. θ shift is defined as the distance in θ to
travel from P1,1 = 0 to the maximum value where v is defined. Lastly, the θ sensitivity is
the change in θ required to go from P1,1 = 0 to P1,1 = 0.05 and is always defined for the ‘on’
side (P1,1 = 0) of the Entanglement switch. θ shift is the amount of shift required for switch
operation, and θ sensitivity informs how difficult it is to maintain the entanglement side of the
switch, for θ variations larger than the θ sensitivity, P1,1 will become greater than 0.05 will be
considered ‘off’ of the dip that is the entanglement side of the switch.
Figure 4.14, the τ = 0.8 plot, represents one of our top choices for for demonstrating the
possibility of the HOM-based Entanglement Switch. The central sharp spikes reach basically
to a probability of one over small ranges of θ and would produce an efficient, high contrast,
HOM-based Entanglement Switch. For the following table of characteristic values we have
enumerated all ‘on’ and ‘off’ Entanglement Switch locations for each of the two types of
switches (low and high contrast), which are also labeled on Figure 4.14. The plot is symmetric
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about θ = π4 , so the two switches at higher θ values have the same characteristic values as
those listed in the table. We have highlighted with dashed boxes the two distinct switches and
numbered them to correspond to Table 4.1, we have also placed red dots on the ‘off’ locations
and green dots on the ‘on’ locations for each switch. We have placed a black arrow on the
high contrast switch to demonstrate the θ shift.
Figure 4.14: Probability plot of five MRR non-identical series with π4 increments, τ = 0.8
θ Location P1,1 Visibility (v) θ Shift θ Sensitivity Switch Number
0.209 0
0.772 0.111 0.026 10.285 0.772
0.396 0
1.038 0
0.975 0.108 0.019 21.145 0.975
1.268 0
Table 4.1: Table of HOM-based Entanglement Switch values for five MRR non-identical series
with π4 increments.
We promote this 5 MRR non-identical series with π4 increments as a strong candidate to
showcase the HOM-based Entanglement Switch. One could continue to add rings or reduce
the θ increment between the rings to create ‘sharper’ spikes that have narrower θ ranges,
but doing so would require progressively higher stability control over θ. For comparison, we
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present another five MRR non-identical series, but this time with π8 increments, as another
example of the HOM-based Entanglement Switch idea that has narrower θ ranges than the
example with π4 increments.
Figure 4.15 shows the contour plot for a five MRR non-identical series with π8 increments.
This is included to show the natural continuation of the HOM-based Entanglement Switch to
smaller and smaller θ ranges.














Figure 4.15: Five MRR non-identical series contour plot, π8 increments






8 , 0. For the same
reasons as the π4 increment case we have omitted the contour labels so that the spike structures
are more visible. Notice that the spikes in this case are in the θ range between 0 and π2 , which
is half the range of the π4 increment case.
Visually, Figure 4.16 looks very similar to Figure 4.14, but keep in mind that the θ range of
this probability plot with π8 increments is half that of the one with
π
4 increments. These spikes
are therefore much thinner in θ ranges. This five MRR non-identical series with π8 increments
is also a good example of the HOM-based Entanglement Switch, provided one can maintain
extremely accurate θ values. We have again enumerated all ‘on’ and ‘off’ Entanglement switch
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locations for high visibility in the following table, following the same characteristic definitions
as we did previously, but this time for π8 increments.
Figure 4.16: Probability plot of five MRR non-identical series with π8 increments, τ = 0.8
θ Location P1,1 Visibility (v) θ Shift θ Sensitivity Switch Number
0.122 0
0.843 0.028 0.006 10.145 0.843
0.173 0
0.544 0
0.982 0.030 0.007 20.574 0.982
0.606 0
Table 4.2: Table of HOM-based Entanglement Switch values for five MRR non-identical series
with π8 increments.
Note that the characteristics described in these table could easily be extracted for any of
the examples shown in this section, but we have chosen to only present the values for the
examples we have identified as likely experimentally viable representations of the HOM-based
Entanglement Switch. This idea of an HOM-based Entanglement Switch could be created to
arbitrarily small θ ranges by continuing to add non-identical rings in series to create more
spikes or by decreasing the θ offsets between the consecutive rings. Overall, this should give
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a good idea for the basis of the HOM-based Entanglement Switch, further improvements and
changes could be made to find the optimal setup depending on experimental conditions. We
think this idea will have many possible applications in integrated photonic circuits by using
slight θ shifts to effectively switch the HOM effect ‘on’ or ‘off’. This slight shift in θ causes a
complete change from a maximally entangled state to a completely unentangled state.
4.4 Modeling Design Uncertainties in Chains of Identical MRRs
Although it is quite simple, the parameterization we have adopted in this chapter for
studying chains of non-identical MRRs does allow us to predict the existence of two extensions
of the HOM effect, each of which we believe to be of very significant interest in photonic circuit
design for QIP. This suggests that removing further constraints from the chain of MRRs will
expose vastly richer regimes and modes of HOM operation. It is beyond the scope of this
thesis to perform an exhaustive, systematic treatment of such possibilities. Instead, we defer
a few general comments to Chapter 6, in which we summarize our results and indicate their
extensions to more general systems.
There is, however, one simple extension to the work in this chapter that bears a brief
discussion here. We can easily envision a slight modification to the parameterization used
in this chapter to model fabrication fluctuations in linear arrays of identical MRRs. To do
so for a chain having length N, one could introduce a set of N pseudo-randomly distributed
phase shift offsets ∆θj around the design specified phase shift θ within an appropriate design
tolerance, ∆θtol, such that |∆θj | < |∆θtol|.
We do not pursue this analysis in depth here, but give a few examples, shown in Figure
4.17, that design imperfections in a chain of identical MRRs should emerge in the HOM
manifold as pseudo-randomly distributed ‘spiked’ disruptions on the extreme edges of the θ
range, preserving the crescent-shaped contours that we examined in detail in Chapter 3. ∆θ
values have been pseudo-randomly generated using Excel for three examples of 5 MRR series
as fractions of π25 , which has been chosen arbitrarily as a large fabrication tolerance for an
MRR.
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Identical MRR Chain with Imperfections Example 1
















Identical MRR Chain with Imperfections Example 2
















Identical MRR Chain with Imperfections Example 3






Figure 4.17: Contour plots of 5 MRR series with emulated design imperfections.
The plots in Figure 4.17 are made from θ = {− π16 ,
33π
16 } to account for the small shifts
caused by having no rings with an offset of zero in each example, as discussed previously
in this chapter, so that the spikes are visible. Spikes are distributed either above or below
the main crescent according to the sign of ∆θ, as previously discussed. Examination of the
standard θ = {0, 2π} range is almost completely unaffected by these small errors, which is
a strong quality of these chains of MRRs. This shows that series of identical MRRs are
extremely robust and tolerant to small fabrication errors, which only appear as spikes on
the extremities, leaving the main crescent shape unaffected. Quantitative analysis of this
nature will be a subject of future research. The overwhelming persistence of the main crescent
strongly suggests that the results presented in Chapter 3 are very robust against reasonable
design imperfections in θ.
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Chapter 5
Direct Test of the Non-Linear Phase
Shift Gate
5.1 The Non-Linear Phase Shift Gate (NLPSG)
We introduce the Non-Linear Phase Shift Gate (NLPSG) as an example of an MRR circuit
that involves both series and parallel branches. Historically, the NLPSG has been an important
gate with applications including constructing a universal gate for quantum computing [4, 5].
The NLPSG also has been recently revisited as a scalable gate using MRRs [1]. We use
the NLPSG as our simple example for devising a direct test of probabilistic quantum gates.
The interferometric test described in this chapter and recently published [2] can easily be
extended to test other probabilistic gates that rely on post-selective projective measurements
on ancillary modes. Figure 5.1 shows the schematics of the NLPSG for both (a) bulk optics
and (b) in silicon nanophotonics using MRRs.
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Figure 5.1: Diagram of a Non-Linear Phase Shift Gate (NLPSG) (a) in bulk optics and (b)
as implemented using directionally coupled silicon nanophotonics waveguides and Micro-Ring
Resonators (MRRs) [1]. The nonlinear sign flip occurs on the state in mode c, as shown in Eq.
(5.1.1). The black arrow connecting figures (a) and (b) represents the advancement discussed
in this chapter and [2].
The action of the NLPSG is to flip the sign of the two photon branch of the target state:
|ψ〉 = α0 |0〉+ α1 |1〉+ α2 |2〉
NLPSG−−−−−→ |ψ′〉 = α0 |0〉+ α1 |1〉 − α2 |2〉 (5.1.1)
The successful operation of the NLPSG occurs in two steps which will be further expanded,
but are summarized here. The first step is the unitary evolution of the three mode system
through the NLPSG, which results in:
|Ψ′〉 = Û |Ψ〉 = β |ΨNLPSG〉+
√
1− |β|2 |Ψ⊥〉 (5.1.2)
To achieve the successful action of the NLPSG, the second step is to project the two ancillary
modes, labeled b and c in Figure 5.1, onto the “success” output state, which occurs with a
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probability of |β|2.
|Ψ′〉 → |ΨNLPSG〉 = |ψ′〉1 ⊗ |1〉2 ⊗ |0〉3 = (α0 |0〉1 + α1 |1〉1 − α2 |2〉1)⊗ |1〉2 ⊗ |0〉3 (5.1.3)
We will now take a closer look at the unitary evolution beginning with the input state, |in〉 =
|ψ〉1 ⊗ |1〉2 ⊗ |0〉3:
|Ψ′〉 = Û |ψ〉1 ⊗ |1〉2 ⊗ |0〉3 = Û(α0 |0〉1 + α1 |1〉1 + α2 |2〉1)⊗ |1〉2 ⊗ |0〉3 (5.1.4)
Applying the unitary evolution operator (Û) to the input state leads to the following similarity











†} |0, 0, 0〉out (5.1.5)
The unitary time evolution of the operators (via the similarity transformations) results in a
linear transformation of the operators. This linear transformation is described by an S-matrix,
which represents the 3x3 scattering matrix for the NLPSG [5]. The individual elements, Sij ,
are the transmission coefficients from input j to output i [5]. Take special note of the order
of the subscripts of the S coefficients; For example, S12 is the transmission coefficient for the
NLPSG from input mode 2 to output mode 1.
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This results in the following output state [1]:
|Ψ′〉 = [α0S22 |0〉1 + α1(S11S22 + S21S12) |1〉1































The desired “successful” part of the NLPSG operation is given by the first terms of the output
state not within curly braces and projective measurements of the ancilla result in the rejection
of the “failure” part of the output state (surrounded by curly braces). When we project the
ancilla onto the success state the failure part of the output state is simply rejected, resulting
in constraints on the NLPSG.
α0S22 = βα0 (5.1.8)
α1(S11S22 + S21S12) = βα1 (5.1.9)
−α2S11(S11S22 + 2S21S12) = βα2 (5.1.10)
Therefore, the success probability of the projection is PNLPSGsuccess = |β|2 = |S22|2 = 12 |S21|
2|S12|2.
Under normal NLPSG operation, the rejected portion of the output state is forgotten about
because it is simply one of the failure cases. However, in our interferometric test we retain the
“failure” portion of the output state and use information from it to account for “accidental”
counts which are discussed further in the next section.
5.2 The Direct Test of the NLPSG
As an application of a more complex component analysis utilizing MRRs, we devised this
direct test for probabilistic quantum gates. This direct test of a basic component, that may
be a part of a much larger network, allows for quality assurance and component analysis. We
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use a triple-coincidence count measurement of the two output modes of the Mach-Zehnder
Interferometer (MZI) in Figure 5.2 and the success ancillary mode of the Non-Linear Phase
Shift Gate (NLPSG). In theory, this triple-coincidence count test could be used to validate
any probabilistic quantum gate, but we chose to use the NLPSG as our example for two main
reasons. First, it is a simple gate on which to demonstrate the direct test. The NLPSG is a
relatively simple, three mode, probabilistic quantum gate which is illustrative for showing the
calculations. The second reason we chose to use the NLPSG is for it’s use in the construction
of a Knill-Laflamme-Milburn (KLM) CNOT gate, a crucial building block in linear optical
quantum computing [4]. The KLM CNOT gate is also important for achieving quantum
state joining [16]. The KLM CNOT is composed of two NLPSGs, which each succeed with
probability 14 [4, 5], and therefore the CNOT has an overall success probability of
1
16 [4, 68].
The original KLM NLPSG was proposed in [4] and the updated MRR NLPSG is described in
[1]. In the full paper, [2], both the KLM and MRR NLPSG are explored, but for the purpose
of this thesis the discussion will focus on the MRR version. The ability to directly test a basic
component of a larger network and to analyze the probabilistic gate for quality assurance using
experimentally relevant conditions allows for feedback prior to fabrication of larger integrated
photonic circuits [2]. In the following analysis we track both the “success” and “failure” states of
the NLPSG using click/no-click detection and sub-unit detection efficiencies in order to account
for “accidental” counts and calculate an experimentally relevant coincidence interference signal
[2]. The most ideal calculation to match experiment would include both losses and accidentals.
For this calculation, we assume our devices to be lossless, but losses could be included following
the treatments described originally by Yariv [61] and, more specifically for MRRs, by Alsing
and Hach [65, 69]. The inclusion of accidentals in this calculation makes our results much
more realistic for describing practical experiments.
A successful operation of the NLPSG occurs when the sign is flipped (a phase shift of π)
on the two-photon branch of the input state in the 1 mode:
|ψin〉123 = (α0 |0〉1 + α1 |1〉1 + α2 |2〉1)⊗ |1〉2 |0〉3 ,
NLPSG−−−−−→ |ψout〉123 = (α0 |0〉1 + α1 |1〉1 − α2 |2〉1)⊗ |1〉2 |0〉3
(5.2.11)
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with |α0|2 + |α1|2 + |α2|2 = 1. Currently, there is no known way to yield the NLPSG transfor-
mation in Eq.(5.2.11) deterministically. Instead it is acquired probabilistically, by projecting
out the desired final state of the ancilla modes of the NLPSG (modes 2 and 3) to achieve the
successful output in mode 1 [1]. The ancilla modes are used simply to herald the success or
failure in getting the desired action of the NLPSG on mode 1.
For this calculation we assumed click/no-click bucket detectors, which means that the de-
tector will record a “click” if any number of photons hit it, but the detector is unable to resolve
the exact number of photons. For a full treatment with all the details of our click/no-click
detection see the full paper [2]. Photon number resolving detectors are the goal of measure-
ment devices for experimental quantum optics, but do not currently seem accessible [70]. We
made calculations assuming typical laboratory detectors, such as avalanche photodiodes and
high efficiency superconducting nanoware single photon detectors. We use ξi to represent the
detector efficiency on mode i. If perfect detector efficiency can be achieved, that is to say
ξi = 1 for all detectors, only the success state |1, 1, 0, 1〉1234 would contribute to the prob-
ability interference pattern. However, since physical detectors are imperfect and have finite
detector efficiencies, ξi < 1, other output states will also contribute to the interference pattern.
Higher order states cannot be deciphered from the NLPSG success state under click/no-click
detection. We call these other states accidentals and their contribution to the final coincidence
measurements is a vertical noise offset. In our calculation we limited the number of photons
in each mode to two at maximum in order to reduce the number of accidental terms. We use
click/no-click detectors, three in all, on modes 1, 2, and 4. Mode 2 is detected at the output
of the NLPSG and modes 1 and 4 are detected post beam splitter. Mode 2, one of the ancilla
modes of the NLPSG, heralds the success of the NLPSG; This is why we require exactly one
photon to be detected on mode 2. Mode 3 is the failure ancilla mode of the NLPSG and
is not detected. Therefore, the “success” states must have one photon in modes 1, 2, and 4
and can have any number of photons in the 3 mode. Due to this, we can expect that the
probability coincidence measurement will contain terms of the following types: three-photon,
four-photon, and five-photon. The three-photon states occur as the primary interference effect,
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arising from the success state of the NLPSG (|1, 1, 0, 1〉1234). The four-photon accidental states
(|1, 1, 1, 1〉1234) appear as an “AC(θ, φ)” term and five-photon accidental states (|1, 1, 2, 1〉1234)
appear as a “DC(θ)” term in the final probability coincidence measurement. The accidental
terms are weaker than the primary interference by factors of n̄ (for four-photon) and n̄2 (for
five-photon), where n̄ ≈ α2 is the mean number of photons in the weak-Coherent State (w-CS)
used to pump the experiment [2].
5.3 Results
Figure 5.2: Schematic of the direct test circuit for the NLPSG [2].
The setup for the direct test of the NLPSG is shown in Figure 5.2. The circuit is a MZI
containing an MRR NLPSG in the upper arm and a phase-shifter in the lower arm. The
modes of the NLPSG are labeled as 1, 2, and 3, with modes 2 and 3 being the ancilla modes
which are always initially in the state |1, 0〉2,3. Modes 1 and 4 receive the input states from
the pump, which in this figure are the weak coherent states (w-CS). Modes 1 and 4 are the
arms of the MZI. We conducted the direct test triple coincidence calculations for both w-CS
and cl-SPDC input states for comparison. The calculations for co-linear SPDC (cl-SPDC) are
extremely similar to the w-CS, following the same process just with a slightly different input
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state [2]. The cl-SPDC input state is as follows,
|Ψcl−SPDC〉 = (α0 |0〉1 α2 |2〉1)⊗ |1〉2 |0〉3 ⊗ (α
′
0 |0〉4 + α
′
2 |2〉4) (5.3.12)
We omit the detailed calculations for the cl-SPDC input; we include only the principal results
for comparison with the w-CS input case. As you can notice comparing the input states the
only difference in this cl-SPDC case and the following w-CS state is the lack of the one photon
state. I will show the full explicit details of the calculations for the w-CS input. The input
state, |Ψ(0)〉 is as follows:







Successful operation of the NLPSG yields [1]:
|ψNLPSG(out) 〉123 = (β0α0 |0〉1 + β1α1 |1〉1 − β2α2 |2〉1)⊗ |1, 0〉23 (5.3.14)
with the βk coefficients defined as [2]:
β0 = S22 (5.3.15)
β1 = S11S22 + S21S12 (5.3.16)
β2 = −S11(S11S22 + 2S21S12) (5.3.17)
Successful operation of the NLPSG occurs when β0 = β1 = β2 ≡ β. |Ψ(1)〉 describes the state
after the 1 mode has passed through the NLPSG, the transformation of which is given in [1],
and after the 4 mode simply passes through the phase-shifter, but before the 1 and 4 mode
meet at the beam splitter.
|Ψ(1)〉 =
[




⊗ (α′0 |0〉4 + α
′
1e







|β|2 is the success probability of the NLPSG, so the first term in the square brackets, (α0 |0〉1+
α1 |1〉1 − α2 |2〉1) ⊗ |1〉2 |0〉3, represents the successful output of the NLPSG and the second
term, |Ψ⊥〉, represents the remaining orthogonal state. Note that during normal probabilistic
operation of the NLPSG, this |Ψ⊥〉 does not appear, because one post-selects for successes of
the NLPSG, which occur optimally 1/4 of the time [4, 5]. The second term is given explicitly
from [1]:
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We need to include |Ψ⊥〉 in our calculations because it leads to accidentals in the triple coinci-
dence measurement, which can be confused with successes, because they are indistinguishable
after the beam splitter. One can write out all the terms of |Ψ(1)〉 explicitly as follows. We
have left the successful output of the NLPSG states intact, and explicitly written out all the
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terms that come from |Ψ⊥〉:
|Ψ(1)〉 = (βα0 |0, 1, 0〉123 + βα1 |1, 1, 0〉123 − βα2 |2, 1, 0〉123)
⊗ (α′0 |0〉4 + α
′
1e






α0{S12 |1, 0, 0〉123 + S32 |0, 0, 1〉123}+ α1{S11S12
√
2 |2, 0, 0〉123
+ S21S22
√
2 |0, 2, 0〉123 + S31S12 |1, 0, 1〉123 + S31S22 |0, 1, 1〉123
+ S21S32 |0, 1, 1〉123 + S31S32
√
2 |0, 0, 1〉123}+ α2{S11S11S12
√
3 |3, 0, 0〉123
+ S11S11S32 |2, 0, 1〉123 + S11S21S22 |1, 2, 0〉123 +
1√
2
S11S21S32 |1, 1, 1〉123
+ S11S31S12 |2, 0, 1〉123 +
1√
2
S11S31S22 |1, 1, 1〉123 + S11S31S32 |1, 0, 2〉123
+ S21S11S22 |1, 2, 0〉123 +
1√
2
S21S11S32 |1, 1, 1〉123 + S21S21S12 |1, 2, 0〉123
+ S21S21S22 |0, 3, 0〉123 + S21S21S32 |0, 2, 1〉123 +
1√
2
S21S31S12 |1, 1, 1〉123




S31S11S22 |1, 1, 1〉123 + S31S11S32 |1, 0, 2〉123 +
1√
2
S31S21S12 |1, 1, 1〉123
+ S31S21S22 |0, 2, 1〉123 + S31S21S32 |0, 1, 2〉123 + S31S31S12 |1, 0, 2〉123
+S31S31S22 |0, 1, 2〉123 +
√
3S31S31S32 |0, 0, 3〉123}
]
⊗ (α′0 |0〉4 + α
′
1e





Once again, it is imperative to remember that each Sij represents a transmission coefficient
from input j to output i of the NLPSG [5]. Now to reduce the number of terms to carry
through the beam splitter calculation we stopped to consider what type of terms will result in
the triple coincidence we are looking for. We are measuring with photon detectors on modes
1, 2, and 4 so we want states of the form |1, 1, n, 1〉1234. The 2 mode is measured at the output
of the NLPSG with a single photon detector, so states we want to consider must have |1〉2.
Also, the only states that will produce |1, 1〉14 after the beam splitter are |0, 2〉14, |2, 0〉14, and
|1, 1〉14. However, if the beam splitter is 50/50 then the |1, 1〉14 state will not yield |1, 1〉14








) |0, 2〉14 −
1√
2




) |2, 0〉14 (5.3.21)
BS14 |1, 1〉14 =
1√
2
sin θ |0, 2〉14 + cos θ |1, 1〉14 −
1√
2
sin θ |2, 0〉14 (5.3.22)




) |0, 2〉14 +
1√
2




) |2, 0〉14 (5.3.23)
So we only want to track states that will yield a triple-coincidence after being put through the
beam splitter. Those are the states with with |1〉2 and |0, 2〉14, |2, 0〉14, or |1, 1〉14. Note that
this is still before the beam splitter has acted on the states. We are preemptively looking at
the transformation that the beam splitter will make and removing states that will not possibly
lead to a triple-coincidence. Reducing to just the states that could result in a triple-coincidence
measurement leaves us with the following (dropping the 1234 subscripts):
















































2iφ |0, 1, 2, 2〉
(5.3.24)
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Now applying the beam splitter transformation to these states leads to |Ψ(2)〉, the final state
































+ S11S31S22S21S11S32 + S21S31S12 + S31S11S22 + S31S21S12)
]





sin θe2iφ (S21S31S32 + S31S21S32 + S31S31S22)
]
|1, 1, 2, 1〉
(5.3.25)
One can see the three distinct contributions to the coincidence measurement appear as the




2 = (S11S21S32 + S11S31S22S21S11S32 + S21S31S12 + S31S11S22 + S31S21S12) (5.3.26)
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|1, 1, 2, 1〉
(5.3.28)
Now the probability of a triple-coincidence measurement is the sum of the absolute squares of
the amplitudes of each orthogonal state in |Ψ(2)〉.
PTRIPLE = |Ψ(2)|2 = |β|2
∣∣∣∣ [−α0α′2√2 sin θe2iφ + α1α′1 cos θeiφ + α2α′0√2 sin θ
] ∣∣∣∣2
+
∣∣∣∣[−α1α′2√2 sin θe2iφ(S31S22 + S21S32) + α2α′1√2 cos θeiφ(S(1)2 )
]∣∣∣∣2
+





If we use a 50/50 beam splitter in the MZI, then θ =
π
2
. Therefore, cos θ = 0 and sin θ = 1.
Both cosine terms disappear and at this point we assume α=α′, which just means that the
input states are the same for both modes 1 and 4. After simplification we are left with:
PTRIPLE = 2|β|2|α0|2|α2|2 cos2 φ+
1
2





However, for the purposes of the paper the final interference probability is left in general terms
as follows [2]:








(1 + n̄+ n̄2/2)
]
× [β2f23 (θ, φ) + n̄AC(θ, φ) + n̄2DC(θ)] (5.3.31)
where:
n̄ = α2 (5.3.32)
f3(θ, φ) = sin θ cosφ+ cos θ (5.3.33)
AC(θ, φ) = 〈Ψ̃(2)4 |Ψ̃
(2)
4 〉 (5.3.34)
DC(θ) = 〈Ψ̃(2)5 |Ψ̃
(2)
5 〉 (5.3.35)
The coincidence effect can be clearly seen here in three terms with an overall prefactor. The
prefactor is a constant consisting mainly of detector efficiencies and mean photon number
terms that gives an overall strength of the coincidence interference probability. Note that
the prefactor scales as ξ6 (assuming equivalent detection efficiencies across the modes), so
an increase in detection efficiency from 40% to 85% causes a (0.85/0.40)6 = 92 ≈ 100 times
increase in the strength of the effect [2]. In Figure 5.3 below, the prefactor has been divided out
of the probability so that we can more clearly see the effects of the accidentals on the visibility
of the coincidence interference probability. The first term is the primary interference caused
by the three-photon states, with interference amplitude f3(θ, φ). As discussed previously,
the second (AC(θ, φ)) and third (DC(θ)) terms arise from the four-photon and five-photon
accidental states, respectively.
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Figure 5.3: Plot of the coincidence interference probability divided by the prefactor for the
MRR NLPSG with w-CS input states (dotted) and cl-SPDC input states (dot-dashed) with
detection efficiencies of 40% (gray) and 85% (black) [2].
In Figure 5.3 the curves maintain the same primary interference shape, with the vertical
displacement from the axis representing noise from the accidentals. The detector efficiencies
were chosen to represent typical laboratory equipment; The 40% efficiency detectors represent
average avalanche photodiodes and the 85% efficiency detectors represent high efficiency su-
perconducting nanoware single photon detectors. Therefore, the lower curves to the horizontal
axis are superior for detection because they have higher visibility values. As one would expect,
higher detection efficiency leads to lower curves, and the experimental setup that yields the
highest visibility in this plot would be the cl-SPDC input states with 85% efficiency detectors.
However, note that almost identical plots are achieved for both cl-SPDC input states with a
40% efficiency detector and w-CS input states with an 85% efficiency detector. Although it’s
more difficult to produce cl-SPDC states (compared to w-CS), it allows for a much lower effi-
ciency detector to be used to achieve similar results [2]. This result informs experimentalists
with a choice for where to allocate their resources. One can invest into a high efficiency detec-
tor and use the much easier to produce w-CS input states; or one can use a more cost-efficient
lower efficiency detector, but must produce the more costly cl-SPDC input states in order to
achieve results with high visibilities.
Overall, we presented a direct interferometric test for the NLPSG, which could also be
used to validate other probabilistic quantum gates. This direct test uses a triple-coincidence
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measurement on an MZI setup with an MRR NLPSG in the upper arm and a phase-shifter in
the lower arm. Here we have presented some of the w-CS input state calculations, highlighting
the vast number of terms that were carried through the calculation. The analysis tracked
all of the relevant states through to the coincidence interference measurement in order to
account for accidentals that occur due to sub-unit detection efficiencies. These accidentals
appear as vertical displacements in the coincidence interference probability plots. Once again,
we stress that for the direct test itself, almost identical plots are achieved for both cl-SPDC
input states with a 40% efficiency detector and w-CS input states with an 85% efficiency
detector. Therefore, if possible to prepare cl-SPDC input states you can achieve virtually
the same experimental visibility using a much lower efficiency detector. Conversely, the much
more easily generated w-CS input states can also yield the same high experimental visibility
using a higher efficiency detector. We tracked all the accidentals and used standard laboratory
detection efficiencies in order to emulate the most experimentally relevant conditions for testing
of probabilistic quantum gates. The ability to directly test these basic components can serve
as a quality assurance step and thereby help to inform the fabrication of larger integrated
photonic circuits.
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The work in this thesis builds upon the work of Hach et al. [57], which showed the
enhancement of the HOM effect in a single MRR due to the topology of the device, expanding
to linear chains of multiple MRRs. The series of MRRs analyzed in this thesis cause an even
further enhancement of the HOM effect, even beyond that of the single MRR, allowing the
HOM effect to be achieved for an expanded range of parameters that can be dynamically
tuned in silicon nanophotonics. Perhaps the increased dynamic tunability and scalability of
photonic circuits in silicon nanophotonic structures combined with the enhancements to the
HOM effects due to MRRs could be leveraged to increase various quantum advantages that
use the HOM effect. The results of this thesis also strengthen the argument for considering the
dynamically adjustable HOM “gate” as a kind of fundamental circuit element for QIP devices
and systems that process photonic qubits.
We have characterized series of identical MRRs using three characteristics: τmin, ξ̄N , and
δτmax. These three metrics allow for the classification and comparison of series of identical
MRRs to better inform circuit design and device fabrication. The exact analytic solution
for the HOM curve was previously known for a single MRR [57] and we have extended that
result to the exact analytic solution for the HOM curve of any number of identical rings in
series. The three metrics identified to characterize series of identical rings can be derived
from these HOM curves, which allows for, in general, the characterization for any number of
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identical MRRs in series. We began the investigation of large chains of identical MRRs as a
filter for the HOM effect at high τ values. We analyzed in-depth one type of HOM structures,
specifically spike structures, that appear in series of non-identical rings with θ offsets. We have
demonstrated the high levels of control achievable on the spike structures by manipulating the
∆θ of the series of non-identical MRRs. We proposed the HOM-based Entanglement Switch
using series of non-identical MRRs which would allow for the rapid switching from certain,
or almost certain, coincidence (P1,1 ' 1) of completely separable states, to certainty of the
HOM effect occurring (P1,1 = 0), yielding entangled states. The HOM-based Entanglement
Switch would be activated or deactivated by causing a small shift in θ, which could be done
using thermal couplers to heat the MRR. We proposed the use of series of non-identical MRRs
with extremely small ∆θ values to model series of identical MRRs with small errors within
fabrication tolerances. We included some of the analysis and results that are relevant to MRRs
for the direct test of the NLPSG; the full details of the direct test of the NLPSG can be found
in [2]. Full papers on both the characterization of series of identical MRRs and the application
of non-identical series of MRRs as a HOM-based Entanglement Switch are forthcoming.
The calculations in this thesis are done assuming lossless MRRs and setting most of the
MRR parameters equal. Future work could expand upon these results by allowing for losses,
as shown by Alsing and Hach [65, 69]. Another large extension of this work is to expand
this analysis to parallel chains of MRRs, in a way analogous to our treatment of the scalable,
MRR-based NLPSG in Chapter 5. Furthermore, combinations of series and parallel chains
of MRRs can be constructed into more complex 2D arrays. We expect that the resulting 2D
arrays of MRRs will find many applications in scalable systems for quantum state engineering,
quantum annealing, Boson sampling, and many of the systems we have reviewed briefly in
Chapter 1.
We have only analyzed a very small subsection of the large parameter space that could be
unlocked by allowing for more flexibility in the MRR parameters. Even looking at such rela-
tively simple cases, where we force most of the parameters to be identical and only allow very
few parameters to be adjusted, has been extremely fruitful, allowing for many improvements
84
to the HOM effect. We predict that further analysis where the parameterization conditions
are relaxed will lead to even further improvements and interesting effects that can be used to
make the HOM effect more achievable.
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Rules for Discrete Path Integral
Approach to Linear Quantum Optics
To adapt the Feynman prescription for use in linear quantum optics we use the following rules
as a guide (in order):
1. Imagine that the Boson operators represent photons and that photons are small, classical,
localized balls of light (We know this assumption is flawed, but it is useful for now and
will be corrected later)
2. Enumerate the classical paths of the ‘Boson operators’ through the optical system
3. Construct the transition element along each path by multiplying the appropriate tran-
sition element for each step (i.e. phase shift, reflection, transmission, etc.) along the
path
4. Propagator: sum over all paths connecting particular pairs of input and output modes
5. Use the propagator to express each output ‘Boson operator’ as a linear superposition of
the inputs
6. Forget Step 1 and treat the ‘Boson operators’ like actual Boson operators
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This appendix serves as a short reminder of the conventions we use for directional couplers.
Figure B.1: Directional Coupler Diagram
The input modes describe bosons, and therefore obey the standard commutation relations:
[âin, â
†
in] = 1 and [b̂in, b̂
†
in] = 1. Commutation relations between the a and b inputs are all zero
because the input modes are completely independent of each other: [âin, b̂in] = [âin, b̂
†
in] =




in] = 0. The directional coupler performs the following linear transformation,










The directional coupler is a unitary device, which means it’s determinant must be equal to
one: |τ |2 + |κ2| = 1, due to this and the fact that the Bosonic commutation relations must
be preserved, the following output mode commutation relations also hold: [âout, â
†





out] = 1. The output commutation relations between the a and b modes, just like for
the inputs, vanish, because the output modes are also independent.
The convention we have used for complex conjugations assumes that the a modes are
housed in the waveguide and the b modes are housed inside of the MRR. This same convention
is used in the discussion of MRR basics in Chapter 2.3 for cross-coupling and transmission




Identical MRR Series Example Code
Identical MRR Series Example Code C.93
C.94 Identical MRR Series Example Code
C.94
C.95
Identical MRR Series Example Code C.95
C.96 Identical MRR Series Example Code
C.96
C.97
Identical MRR Series Example Code C.97
C.98 Identical MRR Series Example Code
C.98
C.99
Identical MRR Series Example Code C.99
C.100 Identical MRR Series Example Code
C.100
C.101
Identical MRR Series Example Code C.101
C.102 Identical MRR Series Example Code
C.102
Appendix D
Non-Identical MRR Series Example
Code
Non-Identical MRR Series Example Code D.103
D.104 Non-Identical MRR Series Example Code
D.104
D.105
Non-Identical MRR Series Example Code D.105
D.106 Non-Identical MRR Series Example Code
D.106
D.107
Non-Identical MRR Series Example Code D.107
D.108 Non-Identical MRR Series Example Code
D.108
D.109
Non-Identical MRR Series Example Code D.109
D.110 Non-Identical MRR Series Example Code
D.110
D.111
Non-Identical MRR Series Example Code D.111
D.112 Non-Identical MRR Series Example Code
D.112
D.113
Non-Identical MRR Series Example Code D.113
D.114 Non-Identical MRR Series Example Code
D.114
D.115
Non-Identical MRR Series Example Code D.115




NLPSG Example Code E.117
E.118 NLPSG Example Code
E.118
E.119
NLPSG Example Code E.119
E.120 NLPSG Example Code
E.120
E.121
NLPSG Example Code E.121
E.122 NLPSG Example Code
E.122
E.123
NLPSG Example Code E.123
124 NLPSG Example Code
124
Bibliography
[1] R. E. Scott, P. M. Alsing, A. M. Smith, M. L. Fanto, C.C. Tison, and E. E. Hach III.
Scalable controlled-not gate for linear optical quantum computing using microring res-
onators. Phys. Rev. A, 100:022322, 2019. (document), 1, 2.3, 5.1, 5.1, 5.1, 5.2, 5.2, 5.3,
5.3, 5.3
[2] Peter L. Kaulfuss, Paul M. Alsing, E. E. Hach III, A. Matthew Smith, and Michael L.
Fanto. Direct interferometric test of the nonlinear phase-shift gate. Phys. Rev. A,
103:022405, Feb 2021. (document), 5.1, 5.1, 5.2, 5.2, 5.2, 5.3, 5.3, 5.3, 5.3, 5.3, 6
[3] E. E. Hach III. Quantum mechanical input/output analysis of networks of directionally
coupled waveguides and ring resonators, internal air force research lab technical report.
Unpublished, N.D. (document), 2.2, 2.3, 2.2, 2.3, 2.3, 2.3
[4] E. Knill, R. Laflamme, and G. J. Milburn. A scheme for efficient quantum computation
with linear optics. Nature, 409:46, 2001. 1, 5.1, 5.2, 5.3
[5] J. Skaar, J.C.G. Escartin, and H. Landro. Quantum mechanical description of linear
optics. Am. J. Phys., 72:1385, 2004. 1, 2.3, 2.6, 5.1, 5.1, 5.2, 5.3, 5.3
[6] C.K. Hong, Z.Y. Ou, and L. Mandel. Measurement of subpicosecond time intervals be-
tween two photons by interference. Phys. Rev. Lett., 59:2044, 1987. 1
[7] H. Fearn and R. Loudon. Quantum theory of the lossless beam splitter. Optics Commu-
nications, 64(6):485–490, 1987. 1
BIBLIOGRAPHY 125
126 BIBLIOGRAPHY
[8] J. G. Rarity and P. R. Tapster. Fourth-order interference in parametric downconversion.
J. Opt. Soc. Am. B, 6(6):1221–1226, Jun 1989. 1
[9] I. Abram, R. K. Raj, J. L. Oudar, and G. Dolique. Direct observation of the second-order
coherence of parametrically generated light. Phys. Rev. Lett., 57:2516–2519, Nov 1986. 1
[10] Y. H. Shih and C. O. Alley. New type of einstein-podolsky-rosen-bohm experiment using
pairs of light quanta produced by optical parametric down conversion. Phys. Rev. Lett.,
61:2921–2924, Dec 1988. 1
[11] A. Einstein, B. Podolsky, and N. Rosen. Can quantum-mechanical description of physical
reality be considered complete? Phys. Rev., 47:777–780, May 1935. 1
[12] Artur K. Ekert. Quantum cryptography based on bell’s theorem. Phys. Rev. Lett.,
67:661–663, Aug 1991. 1
[13] Jonathan P. Dowling. Quantum optical metrology – the lowdown on high-n00n states.
Contemporary Physics, 49(2):125–143, 2008. 1, 2.1
[14] Vittorio Giovannetti, Seth Lloyd, and Lorenzo Maccone. Advances in quantum metrology.
Nature Photonics, 5:222–229, 2011. 1
[15] Pieter Kok, W. J. Munro, Kae Nemoto, T. C. Ralph, Jonathan P. Dowling, and G. J.
Milburn. Linear optical quantum computing with photonic qubits. Rev. Mod. Phys.,
79:135–174, Jan 2007. 1
[16] Frédéric Bouchard, Alicia Sit, Yingwen Zhang, Robert Fickler, Filippo M Miatto,
Yuan Yao, Fabio Sciarrino, and Ebrahim Karimi. Two-photon interference: the
hong–ou–mandel effect. Reports on Progress in Physics, 84(1):012402, jan 2021. 1, 2.1,
5.2
[17] K. A. G. Fisher, A. Broadbent, L. K. Shalm, Z. Yan, J. Lavoie, R. Prevedel, T. Jennewein,




[18] Aram W. Harrow, Avinatan Hassidim, and Seth Lloyd. Quantum algorithm for linear
systems of equations. Phys. Rev. Lett., 103:150502, Oct 2009. 1
[19] X.-D. Cai, C. Weedbrook, Z.-E. Su, M.-C. Chen, Mile Gu, M.-J. Zhu, Li Li, Nai-Le Liu,
Chao-Yang Lu, and Jian-Wei Pan. Experimental quantum computing to solve systems of
linear equations. Phys. Rev. Lett., 110:230501, Jun 2013. 1
[20] Steffen Weimann, Armando Perez-Leija, Maxime Lebugle, Robert Keil, Malte Tichy,
Markus Gräfe, René Heilmann, Stefan Nolte, Hector Moya-Cessa, Gregor Weihs,
Demetrios N. Christodoulides, and Alexander Szameit. Implementation of quantum and
classical discrete fractional fourier transforms. Nature Communications, 7, 2016. 1
[21] Peter C. Humphreys, Benjamin J. Metcalf, Justin B. Spring, Merritt Moore, Xian-Min
Jin, Marco Barbieri, W. Steven Kolthammer, and Ian A. Walmsley. Linear optical quan-
tum computing in a single spatial mode. Phys. Rev. Lett., 111:150501, Oct 2013. 1
[22] Rainer Kaltenbaek, Bibiane Blauensteiner, Marek Żukowski, Markus Aspelmeyer, and
Anton Zeilinger. Experimental interference of independent photons. Phys. Rev. Lett.,
96:240502, Jun 2006. 1
[23] Peter J. Mosley, Jeff S. Lundeen, Brian J. Smith, Piotr Wasylczyk, Alfred B. U’Ren,
Christine Silberhorn, and Ian A. Walmsley. Heralded generation of ultrafast single photons
in pure quantum states. Phys. Rev. Lett., 100:133601, Apr 2008. 1
[24] Kaoru Sanaka, Alexander Pawlis, Thaddeus D. Ladd, Klaus Lischka, and Yoshihisa Ya-
mamoto. Indistinguishable photons from independent semiconductor nanostructures.
Phys. Rev. Lett., 103:053601, Jul 2009. 1
[25] Edward B. Flagg, Andreas Muller, Sergey V. Polyakov, Alex Ling, Alan Migdall, and
Glenn S. Solomon. Interference of single photons from two separate semiconductor quan-
tum dots. Phys. Rev. Lett., 104:137401, Apr 2010. 1
BIBLIOGRAPHY 127
128 BIBLIOGRAPHY
[26] Raj B. Patel, Anthony J. Bennett, Ian Farrer, Christine A. Nicoll, David A. Ritchie,
and Andrew J. Shields. Two-photon interference of the emission from electrically tunable
remote quantum dots. Nature Photonics, 4(9):632–635, 2010. 1
[27] Yu-Jia Wei, Yu-Ming He, Ming-Cheng Chen, Yi-Nan Hu, Yu He, Dian Wu, Christian
Schneider, Martin Kamp, Sven Höfling, Chao-Yang Lu, and Jian-Wei Pan. Deterministic
and robust generation of single photons from a single quantum dot with 99.5% indistin-
guishability using adiabatic rapid passage. Nano Lett, 4, 2014. 1
[28] Pascale Senellart, Glenn Soloman, and Andrew White. High-performance semiconductor
quantum-dot single-photon sources. Nature Nanotechnology, 12:1026–1039, 2017. 1
[29] D. Felinto, C. W. Chou, J. Laurat, E. W. Schomburg, H. de Riedmatten, and H. J. Kim-
ble. Conditional control of the quantum states of remote atomic memories for quantum
networking. Nature Physics, 2(12):844–848, December 2006. 1
[30] T. Chanelière, D. N. Matsukevich, S. D. Jenkins, S.-Y. Lan, R. Zhao, T. A. B. Kennedy,
and A. Kuzmich. Quantum interference of electromagnetic fields from remote quantum
memories. Phys. Rev. Lett., 98:113602, Mar 2007. 1
[31] Zhen-Sheng Yuan, Yu-Ao Chen, Shuai Chen, Bo Zhao, Markus Koch, Thorsten Strassel,
Yong Zhao, Gan-Jun Zhu, Jörg Schmiedmayer, and Jian-Wei Pan. Synchronized inde-
pendent narrow-band single photons and efficient generation of photonic entanglement.
Phys. Rev. Lett., 98:180503, May 2007. 1
[32] Zhen-Sheng Yuan, Yu-Ao Chen, Bo Zhao, Shuai Chen, Jörg Schmiedmayer, and Jian-Wei
Pan. Experimental demonstration of a bdcz quantum repeater node. Nature, 2008. 1
[33] Yu-Ao Chen, Shuai Chen, Zhen-Sheng Yuan, Bo Zhao, Chih-Sung Chuu, Jörg Schmied-
mayer, and Jian-Wei Pan. Memory-built-in quantum teleportation with photonic and
atomic qubits. Nature Physics, 4:103–107, 2008. 1
128 BIBLIOGRAPHY
BIBLIOGRAPHY 129
[34] Hannes Bernien, Lilian Childress, Lucio Robledo, Matthew Markham, Daniel Twitchen,
and Ronald Hanson. Two-photon quantum interference from separate nitrogen vacancy
centers in diamond. Phys. Rev. Lett., 108:043604, Jan 2012. 1
[35] A. Sipahigil, M. L. Goldman, E. Togan, Y. Chu, M. Markham, D. J. Twitchen, A. S.
Zibrov, A. Kubanek, and M. D. Lukin. Quantum interference of single photons from
remote nitrogen-vacancy centers in diamond. Phys. Rev. Lett., 108:143601, Apr 2012. 1
[36] A. Sipahigil, K. D. Jahnke, L. J. Rogers, T. Teraji, J. Isoya, A. S. Zibrov, F. Jelezko,
and M. D. Lukin. Indistinguishable photons from separated silicon-vacancy centers in
diamond. Phys. Rev. Lett., 113:113602, Sep 2014. 1
[37] A. Kiraz, M. Ehrl, Th. Hellerer, Ö. E. Müstecaplıoğlu, C. Bräuchle, and A. Zumbusch.
Indistinguishable photons from a single molecule. Phys. Rev. Lett., 94:223602, Jun 2005.
1
[38] R. Lettow, Y. L. A. Rezus, A. Renn, G. Zumofen, E. Ikonen, S. Götzinger, and V. San-
doghdar. Quantum interference of tunably indistinguishable photons from remote organic
molecules. Phys. Rev. Lett., 104:123605, Mar 2010. 1
[39] J Beugnon, M P A Jones, J Dingjan, B Darquié, G Messin, A Browaeys, and P Grang-
ier. Quantum interference between two single photons emitted by independently trapped
atoms. Nature, 440:779–782, 2006. 1
[40] Holger P Specht, Christian Nölleke, Andreas Reiserer, Manuel Uphoff, Eden Figueroa,
Stephan Ritter, and Gerhard Rempe. A single-atom quantum memory. Nature, 473:190–
193, 2011. 1
[41] P. Maunz, D. L. Moehring, S. Olmschenk, K. C. Younge, D. N. Matsukevich, and C. Mon-
roe. Quantum interference of photon pairs from two remote trapped atomic ions. Nature
Physics, 3:538–541, 2007. 1
[42] Nicolas Gisin, Grégoire Ribordy, Wolfgang Tittel, and Hugo Zbinden. Quantum cryptog-
raphy. Rev. Mod. Phys., 74:145–195, Mar 2002. 1
BIBLIOGRAPHY 129
130 BIBLIOGRAPHY
[43] S. Pirandola, U. L. Andersen, L. Banchi, M. Berta, D. Bunandar, R. Colbeck, D. En-
glund, T. Gehring, C. Lupo, C. Ottaviani, J. L. Pereira, M. Razavi, J. Shamsul Shaari,
M. Tomamichel, V. C. Usenko, G. Vallone, P. Villoresi, and P. Wallden. Advances in
quantum cryptography. Adv. Opt. Photon., 12(4):1012–1236, Dec 2020. 1
[44] Samuel L. Braunstein and Stefano Pirandola. Side-channel-free quantum key distribution.
Phys. Rev. Lett., 108:130502, Mar 2012. 1
[45] Hoi-Kwong Lo, Marcos Curty, and Bing Qi. Measurement-device-independent quantum
key distribution. Phys. Rev. Lett., 108:130503, Mar 2012. 1
[46] Jian-Yu Guan, Zhu Cao, Yang Liu, Guo-Liang Shen-Tu, Jason S. Pelc, M. M. Fejer,
Cheng-Zhi Peng, Xiongfeng Ma, Qiang Zhang, and Jian-Wei Pan. Experimental pas-
sive round-robin differential phase-shift quantum key distribution. Phys. Rev. Lett.,
114:180502, May 2015. 1
[47] Julian Hofmann, Michael Krug, Norbert Ortegel, Lea Gérard, Markus Weber, Wenjamin
Rosenfeld, and Harald Weinfurter. Heralded entanglement between widely separated
atoms. Science, 337:72–75, 2012. 1
[48] A. Narla, S. Shankar, M. Hatridge, Z. Leghtas, K. M. Sliwa, E. Zalys-Geller, S. O. Mund-
hada, W. Pfaff, L. Frunzio, R. J. Schoelkopf, and M. H. Devoret. Robust concurrent
remote entanglement between two superconducting qubits. Phys. Rev. X, 6:031036, Sep
2016. 1
[49] Nicolas Sangouard, Christoph Simon, Hugues de Riedmatten, and Nicolas Gisin. Quan-
tum repeaters based on atomic ensembles and linear optics. Rev. Mod. Phys., 83:33–80,
Mar 2011. 1
[50] Chi-Hang Fred Fung, Bing Qi, Kiyoshi Tamaki, and Hoi-Kwong Lo. Phase-remapping




[51] Yi Zhao, Chi-Hang Fred Fung, Bing Qi, Christine Chen, and Hoi-Kwong Lo. Quantum
hacking: Experimental demonstration of time-shift attack against practical quantum-key-
distribution systems. Phys. Rev. A, 78:042333, Oct 2008. 1
[52] Lars Lydersen, Carlos Wiechers, Christoffer Wittmann, Dominique Elser, Johannes Skaar,
and Vadim Makarov. Hacking commercial quantum cryptography systems by tailored
bright illumination. Nature Photonics, 4:686–689, 2010. 1
[53] Ilja Gerhardt, Qin Liu, Antía Lamas-Linares, Johannes Skaar, Christian Kurtsiefer, and
Vadim Makarov. Full-field implementation of a perfect eavesdropper on a quantum cryp-
tography system. Nature Communications, 2, 2011. 1
[54] Dominic Mayers and Andrew Yao. Quantum cryptography with imperfect apparatus. In
Proceedings of the 39th Annual Symposium on Foundations of Computer Science, FOCS
’98, page 503, USA, 1998. IEEE Computer Society. 1
[55] Antonio Acín, Nicolas Brunner, Nicolas Gisin, Serge Massar, Stefano Pironio, and Valerio
Scarani. Device-independent security of quantum cryptography against collective attacks.
Phys. Rev. Lett., 98:230501, Jun 2007. 1
[56] Yang Liu, Teng-Yun Chen, Liu-Jun Wang, Hao Liang, Guo-Liang Shentu, Jian Wang,
Ke Cui, Hua-Lei Yin, Nai-Le Liu, Li Li, Xiongfeng Ma, Jason S. Pelc, M. M. Fejer,
Cheng-Zhi Peng, Qiang Zhang, and Jian-Wei Pan. Experimental measurement-device-
independent quantum key distribution. Phys. Rev. Lett., 111:130502, Sep 2013. 1
[57] E. E. Hach III, S. F. Preble, A. W. Elshaari, P. M. Alsing, and M. L. Fanto. Scalable
hong-ou-mandel manifolds in quantum-optical ring resonators. Phys. Rev. A, 89:043805,
2014. 1, 2.1, 2.2, 2.3, 2.3, 2.3, 2.5, 3.2, 3.2, 6
[58] C. Gerry and P. L. Knight. Introductory Quantum Optics. Cambridge Univeristy
Press,Cambridge, 2004. 2, 2, 2.1, 2.5
[59] Stefan Ataman. A graphical method in quantum optics. Journal of Physics Communi-
cations, 2, 2018. 2
BIBLIOGRAPHY 131
132 BIBLIOGRAPHY
[60] Sudhakar Prasad, Marlan O. Scully, and Werner Martienssen. Quantum description of the
beam splitter. In International Quantum Electronics Conference, page THGG46. Optical
Society of America, 1987. 2
[61] A. Yariv. Universal relations for coupling of optical power between microresonators and
dielectric waveguides. Electronic Letts., 36:321, 2000. 2.2, 5.2
[62] Bernard Yurke, Samuel L. McCall, and John R. Klauder. Su(2) and su(1,1) interferome-
ters. Phys. Rev. A, 33:4033–4054, Jun 1986. 2.6, 2.6, 2.6, 2.6
[63] Robert Gilmore. Lie Groups, Lie Algebras & Some of Their Applications. Dover Publi-
cations Inc., 2006. 2.6
[64] Ron Larson and Bruce Edwards. Calculus. Cengage Learning, 10 edition, 2013. 3.1
[65] P. M. Alsing, E. E. Hach III, C. C. Tison, and A. M. Smith. A quantum optical descrip-
tion of losses in ring resonators based on field operator transformations. Phys. Rev. A,
95:053828, 2017. 3.1, 5.2, 6
[66] Long Chen, Nicolás Sherwood-Droz, and Michal Lipson. Compact bandwidth-tunable
microring resonators. Opt. Lett., 32(22):3361–3363, Nov 2007. 4.3
[67] John Serafini, David Spiecker, Jeffrey Steidle, Michael Fanto, Ed Hach, and Stefan Preble.
Two photon interference via coupled ring resonators on a silicon photonic chip. In Con-
ference on Lasers and Electro-Optics, page FTu4C.7. Optical Society of America, 2020.
4.3
[68] Dmitry B. Uskov, Lev Kaplan, A. Matthew Smith, Sean D. Huver, and Jonathan P.
Dowling. Maximal success probabilities of linear-optical quantum gates. Phys. Rev. A,
79:042326, Apr 2009. 5.2
[69] P. M. Alsing and E. E. Hach III. Photon-pair generation in a lossy microring resonator.
i. theory. Phys. Rev. A, 96:033847, 2017. 5.2, 6
132 BIBLIOGRAPHY
BIBLIOGRAPHY 133
[70] M. D. Eisaman, J. Fan, A. Migdall, and S. V. Polyakov. Invited review article: Single-
photon sources and detectors. Review of Scientific Instruments, 82(7):071101, 2011. 5.2
BIBLIOGRAPHY 133
